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Introduction 

Let G be a reductive complex linear algebraic group, which in this paper for simplicity 
we shall always assume to be simple and simply connected, and let Lie(G) = q. This 
paper is the third in a series concerned with the study of holomorphic principal G-bundles 
over elliptic fibrations. The first paper in the series studied the moduli space M of G- 
bundles on a smooth elliptic curve E by means of fiat connections, or equivalently by 
finding a holomorphic reduction of the structure group to a Cartan subgroup H of G. This 
approach, while in many ways the most natural, is not adapted to finding universal G- 
bundles over £^ x or to dealing with the case of singular elliptic curves or fibrations. 
In the second paper, we introduced a new method for studying G-bundles, by finding a 
reduction of structure to a certain maximal parabolic subgroup P. In this construction, 
one sees naturally that the moduli space is a weighted projective space, and that the weights 
are given as follows: let qi, . . . , be a set of simple roots for (G, H), let 5 be the highest 
root, and set ao = —a. Then there is a unique linear relation Yll=o9i'^^ — with (70 = 1) 
and the weights of the weighted projective space are the positive integers Qi, < i < r. 
We also used this construction to exhibit universal bundles over E x Ai, at least for an 
appropriate conformal form of G and away from the singular points of A^. In this paper, 
we shall continue our study by analyzing how this construction behaves for singular elliptic 
curves and how it can be made in families vr: Z ^ B oi Weierstrass cubics. One goal is to 
construct a relative moduli space, at least if either G is not of type Eg or vr has no cuspidal 
fibers, which is a weighted projective space bundle over B. If G is not of type Eg, then this 
bundle is the bundle of weighted projective spaces associated to 

ObQjC.-'^^ e•••e£"'^^ 

where the di are the Casimir weights of G, i.e. the numbers mj + 1, where the mj are 
the exponents of G, and the line bundle C = R^tt^ujz/b is the direct image of the relative 
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dualizing sheaf. Moreover, C* acts on C~'^^ with weight gi for some ordering of the simple 
roots, and C* acts on Ob with weight one. A very closely related result was proved 
by Wirthmiiller [^], by somewhat ad hoc methods. One goal of this paper is to find a 
conceptual explanation for the appearance of the integers di. A second goal is to understand 
the construction for cuspidal or nodal curves, and to see that it gives a section of the adjoint 
quotient morphism into the set of regular elements of g or G as well as a compactification 
of the adjoint quotient. Thus, this part of our results should be viewed as both another 



approach to the work of Kostant [^] and Steinberg |17] on the existence of such sections, 
as well as a generalization, in the sense that we construct natural compactifications of the 
adjoint quotient and show that the Steinberg section is in some sense a deformation of the 
Kostant section, and that both may be deformed to the parabolic construction on a smooth 
elliptic curve. 

The basic idea behind the construction for singular curves and families is to extend 
the parabolic construction to singular curves. Let us recall this construction for a smooth 
elliptic curve E, with origin pQ. Let R be the root system of the pair (G, H) and let A be a 
set of simple roots. For each a € A, there is a corresponding maximal parabolic subgroup 
P, with unipotent radical U and Levi factor L. We define a to be special if 

(i) The Dynkin diagram associated to A — {a} is a union of diagrams of A-type; 

(ii) The simple root a meets each component of the Dynkin diagram associated to A — {a} 
at an end of the component; 

(iii) The root a is a long root. 

If G is of type An, then every root is special. In all other cases, there is a unique special 
root. It is easy to check that the derived subgroup of L is isomorphic to a product of groups 
of A-type, and that L is the subgroup of a product of groups of the form GL^ (C) consisting 
of matrices of equal determinant. Thus an L-bundle over E is the same as a collection of 
vector bundles with equal determinant, and hence there is a unique L-bundle ijq which 
corresponds to a collection of stable vector bundles of determinant Oe{—Po)- In this case, 
lifts of rjo to a P-bundle are classified by the nonabelian cohomology set H^{E;U{rio)), 
where U{r]Q) is the sheaf of unipotent groups associated to the principal L-bundle ijq and 
the action of L on U. While this cohomology set is hard to analyze directly, one can 
look at the linearized version H^(E]u{r]Q)), where u is the Lie algebra of U. It is easy to 
see that the L-module u is a direct sum of irreducible representations u*' of L on which 
the center acts via positive weights, and thus u(r/o) is a direct sum of semistable vector 
bundles 11*^(770) over E of negative degrees, which can be explicitly calculated. From this, 
one can prove that the set H^{E;U{r]o)) carries the structure of an affine space, on which 
C* acts with the appropriate weights. The quotient {H^{E; f/(r?o)) — {0})/C* is a weighted 
projective space, corresponding to isomorphism classes of P-bundles whose reduction mod 
U is isomorphic to r/o- Of course, given a P-bundle, one can form the associated G-bundle. 
One of the main results in Q is that every S-equivalence class in A4 arises uniquely in this 
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way. In particular, up to S-equivalence, every semistable holomorphic G-bundle over E has 
a natural reduction of structure to a P-bundle with certain very special properties. 

How does this picture change when we consider, instead of smooth elliptic curves E, 
singular curves C of arithmetic genus one? One fundamental difference is that, while one 
can still define the notion of a stable or semistable vector bundle over a singular curve C, 
there is no reasonable candidate at present for a definition of a semistable principal G- 
bundle over C. Closely related to this is the fact that the tensor product of two semistable 
vector bundles on a singular curve can be unstable. At best, one can consider the set 
of all G-bundles on C whose pullback to the normalization C is semistable (and hence is 
trivial, in our case, since C = P^). While a coarse moduli space of such bundles exists, 
it is never compact. On the other hand, by the explicit description of the group L, there 
is a natural definition of the L-bundle t]q over C and it is uniquely specified by requiring 
that it correspond to t stable vector bundles of given determinant Oc{—po)i where po is an 
origin for the group C^eg of smooth points of C. We can then form the set H^{C\ U{rjQ)) 
and its linearized version H^{C;u{r]Q)). However, the vector bundles u'^(?7o) are typically 
no longer semistable. Nonetheless, after a long and somewhat painful calculation, these 
vector bundles can be directly tabulated and their cohomology can be shown to behave just 
like that of a semistable bundle of the same degree, except in one case where C is cuspidal 
and G is of type -Eg. Unfortunately, we have no conceptual reason why the calculation 
fails in this case, nor why it gives the right answer in all other cases. In a future paper 

we will discuss the corresponding picture for the moduli space of del Pezzo surfaces of 
degree one, or equivalently rational elliptic surfaces, and give a geometric explanation for 
the anomalous nature of -Eg. 

Once we have constructed the bundle rjQ, or more precisely a conformal variant of rjQ 
in the case of a fibration vr: Z ^ B, then we can make the parabolic construction for the 
family Z as long as the cohomology calculations described above give the expected answer, 
and hence whenever G is not of type Eg or vr has no cuspidal fibers. To further analyze the 
result, we consider the universal family £^ C x defined by 

£ = {{[x,y,z], 02,93) ■■ y^z = +g2xz^ + gzz^}- 

Of crucial importance is the fact that the base has a C*-action which lifts to 8, with a 
unique fixed point at corresponding to a cuspidal curve. The main idea now is to use the 
C*-action to localize the picture around the cuspidal curve, and to relate the weights there 
to the Chevalley generators of the graded ring (Sym* \)*)^ of Weyl-invariant polynomial 
functions on a Cartan subalgebra \) = Lie(i?). 

The organization of this paper is as follows. In Sections 1, 2, and 3 we collect many 
preliminary results, most of which seem to be well-known but for which we could not find 
adequate references. In Section 1, it is convenient to consider the moduli stack E of elliptic 
fibrations with a section. We use very little of the general theory of stacks. Instead the 
main point is to describe the group of line bundles over E and their sections. An elementary 
argument shows that every vector bundle over E is a direct sum of line bundles. Finally, we 
show that a conformal form of the stable L-bundle r/o defined above exists over E. Section 2 
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contains elementary facts concerning vector bundles over nodal and cuspidal curves. These 
facts are used to make the necessary cohomology calculations and to analyze the stability 
of vector bundles associated to certain G-bundles. Related results about vector bundles 
over singular curves may be found in |Q] and the references therein. In Section 3, we 
describe principal G-bundles over nodal and cuspidal curves in terms of G-bundles on the 
normalization. There is a also a very brief discussion of a partial moduli space for G-bundles 
over singular curves. 

We begin Section 4 with the necessary cohomology calculations for the parabolic con- 
struction. Once these are established, it follows from the theory of ||7| that, except in the 
case of £"8 and cuspidal fibers, the constructions fit together in families to give a bundle 
of weighted projective spaces. Turning to the nodal or cuspidal case, we show that the set 
of bundles inside the weighted projective space which become trivial on the normalization 
is an affine space, which we then identify with the adjoint quotient of G or of q. Finally, 
by linearizing the C*-action for the family £, we show that the relative moduli space is the 
quotient of the vector bundle associated to ©£~°'i © • • • ©£~'^'' by a diagonal C*-action. 

In Section 5, we prove a very general result on families of weighted projective bundles 
which shows that our compactification is unique in an appropriate sense. We use this result 
to compare our construction to that of Wirthmiiller, and will also use it in a future paper 

to relate our construction to ones that can be made for del Pezzo surfaces. In Section 
6, we study the way that the parabolic construction behaves under inclusions of subgroups 
G' C G. Similar methods give more insight into the case of E^. In particular, we are 
able to construct a bundle of 9-dimensional weighted projective spaces and an action of a 
one-dimensional unipotent group on this bundle, such that the quotient, if it existed, would 
be the correct moduli space. However, the quotient does not exist in any reasonable sense 
if there are cuspidal fibers. Still, given a cuspidal curve, there is an eight-dimensional affine 
space inside of the corresponding nine-dimensional weighted projective space which is a slice 
for the action of the unipotent group on the open subset of bundles which become trivial 
on the normalization and which plays the role of the Kostant section. The situation is very 
closely related to the correspondence between del Pezzo surfaces of degree one and rational 
elliptic surfaces, as we will show in a future paper. Finally, in Section 7, in the case of a 
singular curve G of arithmetic genus one, we analyze when the vector bundle V associated 
to a G-bundle ^ coming from the parabolic construction and an irreducible representation 
p: G ^ GL]\f(C) is unstable. If pulls back to the trivial bundle on the normalization of 
G, then V is always semistable. Otherwise, there are only a very few representations p for 
which V might possibly be semistable. We classify all such representations and identify 
those bundles ^ arising from the parabolic construction for which V is unstable. For G of 
type Eq, Et, or F4, there exist bundles arising from the parabolic construction such that, 
for every irreducible representation p, the associated vector bundle V is unstable. For G of 
type Eq, the situation is even more striking: for every G-bundle such that the pullback of 
^ to the normalization is not trivial and every irreducible representation p, the associated 
vector bundle V is unstable. 

There are many remaining open questions. One of the deepest is the problem of finding 
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an intrinsic definition of semistability for G-bundlcs on a singular curve, and of a generalized 
form of S-equivalence, which would be broad enough to include those bundles coming from 
the parabolic construction. We emphasize that, even though the parabolic construction 
gives a very ad hoc construction of a compact moduli space, the bundles which arise are 
quite natural from many points of view. For example, either they pull back to the trivial 
bundle on the normalization, or they are in some sense generic among bundles whose 
pullback to the normalization is nontrivial. One feature of curves of arithmetic genus one, 
which is already apparent in the study of vector bundles, is that for G semisimple the 
moduli space of G-bundles can be compactified by using only bundles. For example, in the 
case of SLn-bundles, we do not have to consider torsion free, non-locally free sheaves in 
order to compactify the moduli space. However, this result fails in higher genus. Another 
open problem is to find an explicit link between Wirthmiiller's toric compactification of 
C* <^ A = H and that given by the parabolic construction. 

Finally, we would like to thank Ed Witten for many stimulating discussions concerning 
the subject of this paper and its predecessors, and Titus Teodorescu for several conversations 
about some of the material in Section 2. 

1 Bundles over the moduli stack of Weierstrass fibrations 

Recall that a Weierstrass cubic C is a reduced irreducible curve C of arithmetic genus one, 
together with a point po on the smooth locus of C. Every such curve is either a smooth 
elliptic curve or is isomorphic to an irreducible plane cubic with either a node or a cusp. 
We shall refer to such curves (always understood to have arithmetic genus one) as nodal 
or cuspidal respectively. Each such curve is embedded as a plane cubic curve by the linear 
system |3po| and thus has a homogeneous equation y^z = + g2Xz'^ + gsz^, where 52 and 
^3 are specified up to the action of C* defined by /x • {92,93) = (/^^52, M^S'a)- We will refer 
to such an equation as a Weierstrass model. 

Our goal in this section is to study the moduli stack of Weierstrass cubics and certain 
bundles over this stack. We begin by defining the stack and showing that it is a quotient 
stack. Next, we classify line bundles and vector bundles over the stack. Finally, we turn 
to the existence of certain vector bundles over the total space of the stack, which are the 
building blocks for constructing unstable G-bundles (or rather conformal G-bundles) over 
this total space. 

1.1 Generalities on the moduli stack 

Definition 1.1.1. A Weierstrass Rbration consists of a triple {Z, tt, a), where Z is a scheme, 

it: Z ^ B is a flat proper morphism such that every fiber of vr is a reduced irreducible curve 
of arithmetic genus one, and a: B ^ Z is a section whose image (which we shall also write 
as cr) is contained in the smooth locus of tt. Every fiber is a Weierstrass cubic. As is well- 
known, there is a one-to-one correspondence between isomorphism classes of Weierstrass 
fibrations over B and line bundles C over B, together with sections G2 € H^{B;C®^) 
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and G3 G H^{B-C®^), modulo the action of H^{B;0%) on H^{B;C^^) x H^{B;C^^) 
defined by / • (^2,^3) = {f^G2, f^Gs). Here, C"^ = R^ir^Oz, which is isomorphic to 
the normal bundle of a in Z under the isomorphism n: a ^ B, and by relative duality 
*uz/B- Moreover, Z is the subscheme of P(£^ ® ® Ob) defined by the section 
y^z - {x^ + G2xz^ + G^z^) of ^ym^{C'^ ® ® OsY ® C^- We shall also refer to this 
subscheme of ¥{C'^ ® ® Ob) Weierstrass model. 

We define the moduli stack E as the category whose objects are triples (Z, tt, a) as 
above, and such that the set of morphisms from {Z', tt', a') to {Z, tt, a) is the set of Cartesian 
diagrams 

Z' Z 



B' B, 

such that g~^{a) = a' , viewing a as a subvariety of Z, or equivalently g o a' = a o f. Thus 
the set of morphisms from {Z', it', a') to {Z, tt, a) covering a given fiB'^Bisa principal 
homogeneous space over the group of automorphisms of Z' covering the identity on B' and 
preserving a'. 

The stack E is not representable. However, there is an almost universal family defined 
as follows. Let = Spec €[52, 53] be the affine plane with coordinates 52,53- Define 
f C p2 X via 

£ = {{[x,y,z\,g2,g3) •■ y^z = + g2xz^ + g^z^}. 

Then the induced morphism tt: S ^ h? and the section (7(52,53) = ([0, 1, 0], 52, 53) exhibit 
£^ as a Weierstrass fibration over A^. There is a cuspidal fiber over (0, 0) and a nodal fiber 
over (— 3a^, — 2a^) for a ^ 0. All other fibers are smooth. 

Definition 1.1.2. Let A: C* x f ^ £^ be the C*-action on £ defined by 

([a;, y,^;], 52, 53)) = ^ • ^1,52,53) = ([At^a;,//^7/,z],/iV,/i^53). 

This action covers the C*-action Aq on A^ given by Ao(/Lt, (52, 53)) = M'(5'2, 53) = (^^52, At^53)- 
The section a is invariant under the C*-action, in the sense that \*a = ttIct, and hence 
H*a = a for all /x G C*. 

The differential dx/y generates the dualizing sheaf of every fiber. Thus R^tt^oo£i^2 = 
0^2 ■ [dx/y] is the trivial line bundle over A^, and G C* acts on this line bundle by sending 
the everywhere generating section dx/y to fi~^dx/y. It follows from relative duality that 
the action of fi on 7r*a;£M2)^ sends an everywhere generating section s to 

H ■ s. Using the section dx/y to trivialize the bundle ii!°7r*u;f , an equivalent formulation 
is that the C*-linearization on R^'K^LOg/^2 is equivalent to the linearization on the trivial 
bundle A^ x C defined by jj, ■ (52, 53, z) = (/i'^52, l-i'^ds, fJ- • z), and the C*-invariant sections of 
R^Tr^,L0£/j^2 correspond to the functions / € C[52,53] such that /(a'^52, At^53) = fJ- • /(52,53) 
(so that there are no invariant sections) and similarly for Zariski open subsets of A^. 
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Theorem 1.1.3. There is a one-to-one correspondence between 

(i) Isomorphism classes of Weierstrass fibrations over B; 

(ii) Principal C* -bundles B* B, together with C* -equivariant morphisms F: B* ^ A^, 
modulo the natural action of the automorphism group H^{B;0*q) of the principal 
bundle B*. 

If B* and F correspond toir: Z ^ B, then the line bundle corresponding to B* is R^tt^Oz = 
C~^. This correspondence is natural under pullback. Finally, if F: B* corresponds 
to Z and Z* is the pullback of Z to B* , then Z* is C* -equivariantly isom,orphic to F*£ and 
Z is isomorphic to F*£/C* , which exists as a scheme since B* —>■ B is locally trivial in the 
Zariski topology. 

Proof. As we have seen above, there is a one-to-one correspondence between isomorphism 
classes of Weierstrass fibrations over B and line bundles C over B, together with sections 
G2 G H°{B; C®^) and G3 € H^{B; C®^), modulo the action of H^{B; O*^) on H'^{B; C®^) x 
H^{B-C®^) defined by A ■ (^2,^3) = (A^Gs, A^Ga). Such a pair of sections is equivalent 
to a C*-cquivariant morphism F: B* ^ A^, where B* is the total space of the line bundle 
In one direction, the morphism -F = (/i, /2) is defined via 

fiis) = G2{s®^)eC; f2{s) = G3{s®^)eC. 

Conversely, if say f : B* ^ C satisfies /(// • s) = f/^ f{s), then / corresponds to a section of 
the line bundle B* Xc* C, where C* acts on C via the character ji ^ fi~°', and thus / is a 
section of the line bundle B* Xc* C = Hence a C*-equivariant morphism F: B* ^ A'^ 
defines sections G2 € H^{B; C®'^) and G3 € H^{B; C®^), and these two constructions are 
easily checked to be inverses of each other, and to be compatible with the natural action of 
H^{B; O^). The remaining statements of the theorem are clear. □ 

Recall that the quotient stack [A^/C*] is the functor whose objects are principal C*- 
bundles p: B* B, together with C*-equivariant morphisms F: B* ^ A^, and whose 
morphisms are Cartesian diagrams compatible with the morphisms to A^. We shall denote 
an object of [A^/C*] as a triple {B*,p,F). One way to rephrase the preceding theorem, 
which makes more precise the sense in which the family ir: £ is almost universal, is 

as follows: 

Theorem 1.1.4. The functor w: [A^/C*] E which assigns to a triple {B*,p,F) the 
Weierstrass model F*£/C* is an equivalence of categories, i.e. the stacks E and [A^/C*] 
are isomorphic. 

Proof. Every (Z, it, a) is isomorphic to a Weierstrass model, i.e. to an object of the 
form w(o) for some object o of [A^/C*]. Thus, it is enough to check that the group 
of automorphisms of a triple {B*,p,F) covering the identity on B is isomorphic to the 
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automorphism group of the corresponding Weierstrass model. In both cases, this group 
is isomorphic to the group of A € H^{B; O^) such that A^G2 = G2 and A^Gs = G3, and 
hence the groups are the same. □ 



1.2 Vector bundles over the moduli stack 

Definition 1.2.1. A scheme X ^ E over the moduh stack consists of the following: for 
each triple {Z,B,a), we are given a scheme Xz — > B, and, for each morphism {g,f) € 



Hom((Z'', tt', 0"'), {Z,Tr,a)), i.e. a commutative diagram as in Definition 1.1.1, we are given 
a i3'-isomorphism (p[gj) ■ Xz' f*Xz, satisfying: 

2- '^(9203i,/2o/i) = ^{g2j2) ° f2^{giji) if tJ^^ domain of (c/2, /2) is the range of {gi, fi). 

We define a hne bundle over the moduh stack or a coherent sheaf over the moduh stack 
similarly. The group of all isomorphism classes of line bundles over E will be denoted Pic E. 

We can also define a scheme over the total space of the moduh stack Y — > Tot(E) 
as follows: for each (Z,B,a), we are given a scheme Yz ^ Z, and, for each morphism 
{g,f) € Hom((Z', vr', ct'), (Z, TT, cr)), we are given a Z'-isomorphism ^'{gj)'- Yz' g*Yz-, 
satisfying: 

1- ^(id.id) = Id; 

2- V'Cgaogijao/i) = i^{g2,f2) ° dli^igiji) if the domain of {g2, fi) is the range of (51, /i)- 

Line bundles, coherent sheaves and principal bundles over the total space of the moduli 
stack are defined similarly. 

Since E is isomorphic to [A^/C*], we can identify schemes over E with schemes over 
[A^/C*]. To see this concretely, let X — > E be a scheme over the moduli stack. Then in 
particular, we can define the scheme Xg A^, and by functoriality it has a natural action 
of C* lifting the action on A^. Given a triple {Z,B,a), with corresponding morphism 
F: B* ^ A^, the scheme F*X£ has a C*-action covering that on B*, coming from that on 
X£, and this agrees with the action viewing F*X£ as the pullback of Xz to B* . Conversely, 
given a scheme X^ — s- together with an action of C* lifting the action on A^, there is 
an induced scheme F*X£ over B*. Since B* ^ B is a Zariski locally trivial fibration, the 
quotient F*X£/C* exists as a scheme Xz, and it is easy to see that the Xz fit together 
to give a scheme over E. Similarly, schemes Y — > Tot(E) may be identified with schemes 
Yg ^ £ together with a lifting of the C*-action on £. Thus we see: 

Theorem 1.2.2. There is a one-to-one correspondence between schemes X — > E and 
schemes Xg A? together with an action of C* on X^ lifting the action on A? . A similar 
statement holds for coherent sheaves over E. Likewise, there is a one-to-one correspondence 
between schemes Y — > Tot(E) and schemes Yg ^ £ together with a lifting of the C* -action 
on £. □ 
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For example, let us consider line bundles L over the moduli stack. These correspond to 
line bundles over A-^ together with a C*-linearization. Every line bundle over A-^ is trivial. 
Since = C*, it is easy to see that every C*-linearization on the trivial bundle is given by 
a character x : C* ^ C* . We denote the corresponding linearized line bundle by {0^2 , x) • In 
terms of the total space x C, the action is via ^-{92, 93, z) = {fJ'^g2, fJ-^ds, xifJ')^)- Suppose 
that F: 5* — > A^ is a C*-equivariant morphism corresponding to Z —* B. Pulling back the 
linearized bundle (0^2, x) gives a linearized bundle {Ob*-,x)- Clearly, the line bundle over 
B corresponding to the C*-linearized bundle {Ob*-,x) is exactly B* Xc* C, where C* acts 
on C via x^^- The characters of C* are exactly the Xa defined by Xa(/^) = and for each 
a G Z we let be the line bundle over E corresponding to the linearization on Of^2 given 
by Xa- Since B* is the C*-bundle corresponding to C~^, where C is the line bundle over B 
defined in Theorem it follows that the line bundle over B induced by is C"". Thus: 

Theorem 1.2.3. The map a € Z 1-^ L" defines an isomorphism from TL to PicE. Given 
a € 7j, the corresponding bundle over B is C^. □ 

For example, using the remarks at the beginning of this section we recover the well- 
known fact that C = R^-k^:LOz/b- 

Similarly, one can determine the algebra of the sections of ^^ez ^^^^ (^^ 
obvious sense): 

Proposition 1.2.4. H0(E; 0^^^ L"^) = C[G2,G3]. Thus, if L'^' ^ L^^' is a 

morphism of vector bundles over E and if, for all i,j, either hi — < 4 or hi — aj is odd, 
then * = 0. □ 

We turn now to the classification of vector bundles over E. 

Theorem 1.2.5. Let \ be a vector bundle over E. Then V = ©"=;^ L'^' for integers Oi, 
uniquely determined up to order. 

Proof. We begin with the following lemma (which is a partial generalization of Horrocks' 
splitting criterion for vector bundles over jl^. Theorem 2.3.2]): 

Lemma 1.2.6. Let R = ^i-^^Rk be a graded ring such that Rq = C, and let m = 
®k>o^k- Suppose that M is a finitely generated graded R-module such that is a 
free Ry^-module. Then M is free as a graded R-module, i.e. there exists a homogeneous 
basis ei, . . . , e„ for M. 

Proof. The proof is by induction on the rank of Mm- If = 0, then M = m ■ M. 
We claim in this case that M = 0, i.e. that the graded Nakayama lemma holds. For, if 
M ^ 0, then since M is finitely generated there is a nonzero homogeneous element of 
smallest degree in M, which cannot lie in m • M. This contradiction shows that M = 0. 

If the rank of Mm is positive, choose /i, . . . , /„ G M mapping to a basis {/j} of Mm- 
Let ei be the initial part of fi , i.e. the nonzero homogeneous component of fi of minimal 
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degree. Possibly after changing the basis {/j}, we may clearly assume that, for some A; > 1, 
the elements ei , . . . , have the smallest degree among the possible and that they are 
linearly independent over C. Write ei = ai/i + ^j>2 Oj/i- Then ai = 1 + m with m G m. 
Thus the images of ei, /2, . . . , /n are also a basis of M^. An easy argument shows that, if 
rei = 0, then r = (since ei maps to a basis element of the free module and the map 
R — > Rm is injective by a homogeneity argument). 

Let Q = M/Rei. Clearly Q is a finitely generated graded i?-module, and Qxn — 
M^/R^ei. By the above, Qxa is a free i?ni- module of rank n — 1, and the sequence 

is exact, where the first map is defined by r i— > rei. By induction, there exists a homogeneous 
basis 62, . . . , en for Q. Lift the to homogeneous elements € M. It follows that ei, . . . , 
is a homogeneous basis of M, as desired. □ 

Returning to the proof of the theorem, let R = C[g2, gs]- A C*-linearized vector bundle 
V over Spec R corresponds to a finitely generated projective graded i?- module M, and thus 
Mm is free. The lemma then implies that there is a homogeneous basis for M, and hence 
y is a direct sum of C*-linearized line bundles. The uniqueness statement is clear. □ 

The following lemma, whose proof is clear, shows how to determine the integers a, in 
Theorem 1.2.5| : 



Lemma 1.2.7. Suppose that V corresponds to the C* -linearized vector bundle V over A"^. 
Since G zs a fixed point for the C* -action, there is an induced linear action ofC* on the 
fiber VoofV over 0. Let ai, . . . , a„ be the weights of this action. Then V = ©"=1 L°' . □ 

1.3 The stable bundle over the total space 

We begin by recalling the following general facts (see e.g ||ll|). For each Weierstrass cubic 
C, with origin po, there is a unique stable vector bundle Wn of rank n and such that 
det Wn = Oc{po)- Given the fibration Z ^ B, there is a unique vector bundle Wn over Z 
whose restriction to every fiber is isomorphic to Wn and such that there exists a surjection 
p: Wn — > Oz{(y)- The bundle Wn is a successive extension of Oz{cr) by C, >C^, . . . , £"~^. 
Every other vector bundle W over Z whose restriction to every fiber is isomorphic to 
Wn is of the form Wn ^ tt*M for some line bundle M over B, with det(Wn <8> tt*M) = 
Oz{(t) 7r*/:"("-i)/2 (g, M". In particular, 

det Wn ® 1T*C^ = Oz{(t) ® ^*C<ri-l)/2+an_ 

Since Wn is simple, TT:^Hom{Wn, Wn) = Ob, and the sheaf of relative automorphisms of Wn 
is To identify Wn up to a unique isomorphism, it is best to consider pairs {W,p), where 
W is a bundle whose restriction to every slice is isomorphic to Wn and p: W ^ Oz{(t) is 
a surjection. It is easy to see that the pair (yV„,p) is in fact a vector bundle over the total 
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space of the stack E (in a slightly generalized sense, because of the choice of the surjection 
p). More generally, the vector bundles Wn'S'Tr*/^" for a G Z are also naturally bundles over 
the total space of the moduli stack. 

We now wish to do the same thing equivariantly for the family i5 — > A^. The section 
cr is C*-equivariant, and thus there is a C*-linearization on C'£-(— o") compatible with the 
inclusion O^^—a) C Os (where is given the C*-linearization coming from pullback 
of functions). From the isomorphism i?^7r*C'£-(— cr) = ii^Tr^O^:, we see that C* acts on 
via the character X-i- Thus, letting (0^2, xi) denote the trivial bundle with 
the linearization given by xii ^-i^d similarly for the pulled back linearization {0£,xi), we 
see that there is an invariant extension class in Ext^{0£{a), {0£,xi)) — H^{R^T^*Os{—a)), 
and hence that there is a C*-linearization on the extension W2 of Os{a) by Os which is 
compatible with the linearizations on the factors. Likewise, we can obtain a C*-linearization 
inductively on Wn, such that there is an exact sequence of linearized vector bundles 

^ (Of, Xn-l) ^ ^ Wn-l ^ 

(compare [|ll]. Prop. 4.4]). Thus, using the equivalence of categories between E and [A^/C*], 
there is a (non-canonical) vector bundle W„ over the total space of E, defined as follows: 
given a triple {B*,p,F) G [A^/C*] corresponding to (Z, vr, cr), define Wn —>■ Z as the vector 
bundle F*Wn/C* over F*S/C* = Z. By construction, there is a surjection W„ W„_i 
for every n. 

1.4 A universal unstable conformal bundle over the moduli stack 

Let G be a simple and simply connected complex linear group. In the introduction, we have 
defined a special root a of G, cf. also 0, §3.1]. Let P be a maximal parabolic subgroup of 
G associated to a special root and let L be the Levi factor. These groups have been studied 
in 0, §1.2, §3.2]. In particular 

L = |(Ai, ...,At) G J]GL„^(C) : det^i = ■ ■ • = detA^j , 

where t < 3. Thus, the bundles W^., 1 < « < t, define an L-bundle, which was denoted by 
rjo in 0. Of course, we can define the corresponding L-bundle for a singular Weierstrass 
cubic as well, and we shall continue to denote it by t/q- 

Let vr: Z ^ i? be an elliptic fibration. We would like to construct, in a functorial way, 
an L-bundle — > Z which restricts on every smooth fiber to the bundle tjq constructed 
in 0. While this is possible for many groups, it is not always possible, and instead we 
shall have to work with a conformal extension of the form G = G Xi/nZ where TLjnL is 
embedded in G subgroup of the center. 

An L-bundle over Z consists of i vector bundles Vi, . . . , over Z, where the rank of Vi 
is rij, and such that detFi = • • • = detl4. We must have Vi = (W„ ® t:* ly-'-y . Thus the 
condition that the Vi define an L-bundle is that it is possible to choose integers so that 
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the integers nj(nj — l)/2 + a^nj are all equal. This is trivially satisfied if t = 1. If t = 2 and 
at least one of ni,n2 is odd, then we can again find integers ai,a2 such that 

ni(ni - l)/2 + aini = 712(^2 - l)/2 + 02^1-2. 

To see this, if both ni and n2 are odd, then this equation becomes Aiui = A2n2, where 
Ai = {rii — l)/2 + Oj. Choosing Oj so that Ai = n2 and A2 = ni gives a solution. Likewise, 
if say ni is odd and 712 is even, then the equation becomes Aini = ^2712/2, where Ai = 
(ni — l)/2 + ai and A2 = n2 — 1 + 2a2. Choosing Oj so that Ai = '/12/2 and A2 = ni, 
which is possible since ni is odd and n2 even, gives a solution. This constructs the desired 
L-bundle for A^, n even and half of the special vertices for An and n odd, Bn and n even, 
Cn, -Ki, G2. In case t = 3, if two of 71-1,77,2,713 are equal and at least one is odd, the same 
argument goes through. This handles D^, where (771,772,713) = (2,2,77 — 2), for 77 odd, as 
well as Eq, where (771,772,773) = (2,3,3). The case of Eg can be handled directly. Here 
(771,772,773) = (2,3,5), so we seek 01,02,03 such that 

l + 2ai =3 + 3a2 = 10 + 803. 

This equation can be solved by taking oi = 7, 02 = 4, 03 = 1. 

Some of the remaining cases can also be solved directly. For Bn, a solution exists 
exactly when 77 is not congruent to 1 mod 4. For Dn, a solution exists exactly when 77 is 
not congruent to 2 mod 4. In the case of S'L„(C), where we consider the maximal parabolic 
with Levi factor SL2k{'C) x SL2e{C) we can solve the problem if and only if k and i are 
both divisible by the same power of 2. But in general we need to take a conformal extension 
of G. In the following, we omit the case of SLn since that has been discussed extensively 
elsewhere ||Tl[] . 

Theorem 1.4.1. Let tt: Z ^ B be a Weierstrass fibration. Suppose that G is not of type 
An- For G of type Bn, 77 = 1 mod 4, Dn, 77 = 2 mod 4, or Ej, let G = G x^/2Z C*, where 
Z/2Z is included in C* , is the full center for G of type Bn or Ei, and is the subgroup whose 
quotient is SO{2n) in case G = Spin{2n), and let L = L y<z/2Z C* C G. In all other cases, 
let G = G and L = L. Then there exists an L-bundle fjo over Z which lifts to the L-bundle 
7/0 077 every fiber. 

Proof. In the case of Bn, n odd, the group L = GL2(C) x GL„_i(C). In the case of Dn, 
77 even, the group 

L ^ {{Bi,B2,B3) e GL2(C) X GL2(C) x GL„_2(C) : det^i = detB2}. 

In each of these cases the result is clear. In the case of E^, 

L ^ {{Bi,B2,Bs) G GL2(C) x GLsiC) x GLi{C) : detS2det-B3 = {detBi f}. 

Choosing bundles Vi = (W2 «> TT*C^^y, V2 = {W3 O tt*^^)^, V3 = (W4 O 7r*£"«)V, we see 
that we want to choose oi , 02 , 03 so that 

3 + 3o2 + 6 + 403 = 2 + 4oi. 

This can be solved with oi = 0, 02 = 03 = —1. □ 
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We can again make an equivariant version of the above construction over £" — > A^. In 
this version, we replace the bundle Wn ^ tt*C"' by the linearized bundle Wn <X) iOg,Xa), 
where Wn is the linearized bundle over £ constructed in §1.3, with the natural linearization 



on the tensor product. The constructions of Theorem 1.4.1 then give, in this context: 



Theorem 1.4.2. Let G and L he as in Theorem 1.4-1- Then there exists a C* -linearized 



L -bundle fjo over £ which lifts to the L -bundle ??o on every fiber. □ 

Once we have the linearized L-bundle % over £, by using the equivalence of categories 
between E and [A^/C*], there is a (non-canonical) principal L-bundle ^70 over the total 
space of E. 

The unipotent radical U of L is still the unipotent radical of L. Thus, we can form the 
sheaf of unipotent groups U (fjo) over Z 01 £, depending on the context. If 570 reduces to 
an L-bundle rjQ, then clearly U{fio) = U{r]o). We shall discuss the representability of the 



corresponding functor in §4.1 



2 Vector bundles over singular curves 

In this section, we collect standard facts about vector bundles on cuspidal and nodal curves 
of arithmetic genus one. 

2.1 Vector bundles over cuspidal curves 

We begin with the cuspidal case. Let C be cuspidal, with normalization l: C ^ C, and 
suppose that G C is the singular point. Let Rq = Ocfl be the (analytic) local ring at 
and let Rq be the normalization of i?o. Fixing once and for all a coordinate t at the 
preimage of in C, we can identify Rq with C{t} and Rq with C{t^,t^}. Let mo = {t) be 
the maximal ideal of in Rq, and let mo = (t^,i^)-Ro be the maximal ideal of Rq. 

Lemma 2.1.1. Let U be a finite- dimensional complex vector space and let M be the free 
RQ-module U^qRq, which we can view as the Ro-module of germs of morphisms m: C ^ U 
at 0. Then there is a one-to-one correspondence between projective {i.e. free) RQ-submodules 
M of M such that the natural map M<^ji^Rq M is an isomorphism, and endomorphisms 
AofU. If M corresponds to the endomorphism A, then 



\ — dm I 
M = e M : "^(0) = Am{0) \ 



Proof. Suppose that M is a projective i?o-submodule of M such that the natural map 
M^RqRq — >■ M is an isomorphism. Since i?o/iTio — Ro/^o, there is a canonical isomorphism 

M/moM ^ M 0R„ (i?o/mo) = M (-Ro/mo) = M/moM ^ U. 
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Of course, the image of m G M under the composition M M/rttoM = U is just m(0), 
viewing M as a submodule of M. Define the endomorphism A as follows: given u E U, 
choose m & M such that m(0) = u, and set 



dm 

Au = —r- 
dt 



t=o 



It is easy to see that Au only depends on u, not the choice of m, and defines a linear map 
from U to itself. Clearly 

f — dni, 1 
M = <m e M : "^(0) = Am{0) \ . 

Thus, A determines M as well, and every possible A arises in this way. □ 
For example, the submodule U i^c Ro corresponds to G End U. 

In the above situation, suppose that Ui and U2 are two finite-dimensional vector spaces 
and that T: Ui fS>c Ro ~^ U2 '^c Ro is a homomorphism of free i?o-iiiodules. Let Mi be a 
projective i?o-submodulc of Ui i^c Rq and let M2 be a projective submodule of U2 '^c Ro, 
such that the natural homomorphism Mj (8)Ro Rq — > Ui ®c Rq is an isomorphism for i = 1,2, 
and such that T{Mi) C M2. Then clearly, for all m e Mi, 



d{Tm) 



dt 



t=o 



dT 



.m(0)+T(0).^ 

t=o 



t=o 



In particular, if Ui = U2 = U and Mi = M2, suppose that T = Id+t^B for some 
Then automatically T has coefficients in Rq, so that r(Mi) = Mi. By the above remarks, 
d{Tm) / dt\t=Q = dm/dt\t=o- Hence the endomorphism A only depends on the isomorphism 
Mo i?o/(iTio)^ — U (S>c which we refer to as a Rrst order trivialization of Mq. 

However, we shall not use this in what follows. 

Passing from the local ring of a cuspidal curve to the global setting of the curve itself, 
we immediately obtain: 

Corollary 2.1.2. Let V be a vector bundle on C, and fix a trivialization at 0, i.e. an 
isomorphism from the stalk ofVatOtoU 00 where U is a finite- dimensional vector 

space. Then there is a one-to-one correspondence between locally free Oc-subsheaves V of 
i^V , such that the natural map l*V — > V is an isomorphism,, and elements A € EndC/. 
Under this correspondence, sections s of V correspond to sections sofV such that 

f(0) = ^?(0), 

where the derivative is with respect to the trivialization of V at 0, and similarly for local 
sections. □ 
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Corollary 2.1.3. Let Vi and V2 be vector bundles on C , and fix isomorphisms from the 
stalk of Vi at to Ui <8>c C{t}. Let Vi and V2 be locally free subsheaves of l^Vi and i^V2 
respectively, such that the natural map L*Vi ^ Vi is an isomorphism, and let Ay^ E EndC/j 
be the corresponding elements. Then, using the induced trivializations of the stalks of the 
corresponding bundles, 

(i) The subbundle Vi of i^Vi corresponds to the element —Ay^ € FindUf; 

(ii) The subbundle V\ (g) V2 o/i*(Vi (g) V2) corresponds to the element Ay^ (g) Id + Id (8" ^1/3 ^ 
End(C/i ®C/2); 

(iii) Homomorphisms f: Vi — > V2 correspond to homomorphisms f '■ Vi ^ V2 such that 

^{0)=Ay,of-foAy,. 

(iv) The subbundle /\^ Vi of Vi) corresponds to the element A^ € End(/\'^ Ui) which 
is the coefficient oft in A^{ld+tA). 

Proof. These are standard constructions via elementary linear algebra. □ 

We first apply the corollary to bundles which become trivial on the normalization. In 
general, if ^ is a vector bundle over C with a given trivialization V = U C>^, where U 
is a vector space, we always use the fixed global trivialization to define a trivialization of 
V at 0. By the remarks after Lemma |2.1.1| , changing the choice of global trivialization has 
the effect of conjugating the matrix A by an invertible matrix T. 

Corollary 2.1.4. (i) Let V = U ®c trivial rank n vector bundle over C , 

where U is a finite- dimensional vector space. Let V be the locally free subsheaf of i^V 
corresponding to A £ EndC/. Then the composed map 

H°{C; V) H°iC; l*V) ^ H°{C; V) ^ U 

is injective and its image is equal to Ker^ C U. 

(ii) Suppose that, for i = 1,2, Vi = Ui (gc '^'"^ trivial vector bundles over C , where Ui 
are finite- dimensional vector spaces, and that Vi C i^Vi correspond to Ai S End?7j. 
Then 

Hom(yi, ^2) = {/ G Hom(C/i, U2) : A2 o f = f o Ai}. 

(iii) There is a one-to-one correspondence between isomorphism classes of rank n vector 
bundles V on C such that l*V is a trivial vector bundle on C and conjugacy classes 
of n X n matrices. 

Proof. The corollary follows easily by using the fact that every section of the trivial 
bundle over C is constant, and so has derivative zero. □ 
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Next let us describe the bundle W^. In ||T^, is defined inductively as follows: 
Wi = Oc{—Pq), and for n > 1, there is a unique nonsplit extension 

- <_i - < ^ - 0. 

It follows that L*W^ = 0^{—pq) © Choose a local trivialization ei,...,en of 

Po) © O-"^ at which is compatible with the direct sum decomposition, is standard 
on the trivial factors, and is the pullback to 0^{—po) = L*Oci—po) of a local trivialization 
of Oc{—po) at 0. For example, we can take for ei the standard local section 1 which has 
a pole at po, viewed as a section of Oc{—po)- We now use this choice to describe . Of 
course, the dual description gives Wn- 

Lemma 2.1.5. With this choice of local trivialization, the matrix A corresponding to 
is the upper triangular matrix with ones along the superdiagonal and zeroes elsewhere. 



Proof. The proof is by induction. For n = 1 the result is clear. Suppose that we have 
established the result for . Let X„ be the bundle defined by the nx n matrix described 
in the statement of the lemma. Then there is an exact sequence 

^ Xn ^ Xn+i Oc 0, 

and it will suffice to prove that this extension is not split. A splitting would be a homo- 
morphism /: Oc — > Xn+i, or equivalently a section of X^+i, projecting to the identity on 
the last factor. Using the standard trivialization of Oc with basis e and the given local 
trivialization ei, . . . , Cn+i of po) © at 0, we see that 

n 



/(e) = ^fi-ei + Cn+i- 



1=1 



Since Hom(Cg, po)) = 0, /i = 0. Similarly, the remaining coefficients fi are constant. 



Thus —(0) = 0. By (i) of Corollary 2.1.4 applied to the section /, we must have Aiof({)) 
dt 

0, where Ai defines Xn+i- But 



Aio f{Q) = Y^fiei-i + en^Q, 



i=2 

a contradiction. Hence the sequence is not split. □ 



2.2 The nodal case 

Here we let C be a nodal Weierstrass cubic with normalization l: C ^ C. Suppose that the 
singular point of C is and that i*(0) = {a;,y}. Let Rq = Ocfi be the (analytic) local ring 
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at and let Rq be the normalization. Fixing once and for all coordinates ti,t2 at x and 
y respectively in C, we can identify Rq with C{ti,t2}/{tit2) and Rq with C{ti} © C{t2}- 
Let mo = {ti,t2)Ro be the maximal ideal of Rq, let mx = ii-Ro be the maximal ideal in Rq 
corresponding to the point x, and similarly for mj^. 

Lemma 2.2.1. Let M be a free Ro-module. Then there is a one-to-one correspondence 
between projective Ro-submodules M of M such that the natural map M (gj^jg Rq ^ M 
is an isomorphism, and isomorphisms A: M/rUxM — > M/vcvyM. Moreover, under this 
correspondence, the Ro-module M corresponding to A is given by 

M = \ m e M : Am{x) = m{y) \ . 



Proof. In this case, Rq/xxio = Ro/mx = RQ/xxiy. As before, given a projective Rq- 
submodule M of M such that the natural map M Rq ^ M is an isomorphism, the 
induced homomorphism M/moM — >■ M /vcixM is an isomorphism. Given u G M /vcixM, 
choose m e M which maps to u under the composition M M/v\qM — > M/mxM-, and 
let Au be the image of m in M /vcVyM under the analogous composition M M/mo-M — > 
M/xriyM. Clearly, this image only depends on n, not on the choice of m, and defines a 
linear isomorphism A from M /mxM to M/myM, and all such isomorphisms arise in this 
way. □ 

In case we have an isomorphism M = U ®c Rq, where U is a finite-dimensional vector 
space, the fibers M/m-xM and M/myM are both canonically identified with U , and thus 
A corresponds to a linear automorphism of U. 

Proposition 2.2.2. Let V be a vector bundle on C . Then there is a one-to-one correspon- 
dence between locally free Oc-subsheaves V of t^V, such that the natural map l*V V is 
an isomorphism, and isomorphisms A: V{x) V{y). Under this correspondence, sections 
sofV correspond to sections sofV such that 

s{y) = As{x), 

and similarly for local sections. □ 



Corollary 2.2.3. Let Vi and V2 be vector bundles on C. Let Vi and V2 be locally free 
subsheaves 0/^*^1 and l^V2 respectively, satisfying the hypotheses of the above corollary, 
and let Ay^ ■ Vi{x) Vi{y) be the corresponding elements. Then 

(i) The subbundle o/t*F]^ corresponds to the element {Ay^)* : Vi{x)* Vi{y)* ; 

(ii) The subbundle Vi V2 of <-*(Vi V2) corresponds to the element Ay^ (8) Ay^; 
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(iii) Homomorphisms f : Vi — > V2 correspond to homomorphisms /: ^4 — > V2 such that 

Av,of{x)=f{y)oAv,. □ 

We shall usually be interested in the case where there is a fixed trivialization V = 
U (8" O^, where [/ is a finite-dimensional vector space. Using this trivialization to identify 
the fibers V{x) and V{y) with U means that we can identify A with a fixed automorphism 
of U. Changing the trivialization has the effect of conjugating A by an element of Aut U. 

Corollary 2.2.4. (i) Let V = U he the trivial rank n vector bundle over C, where 
U is a finite- dimensional vector space. Let V be the locally free subsheaf of l^V 
corresponding to A & Aut U. Then the composed map 

H^{C; V) H°{C; l*V) ^ H^{C; V) ^ U 

is injective and its image is equal to Kei{A — Id) C U . 

(ii) Suppose that, for i = 1,2, Vi = Ui ® are trivial vector bundles over C, where Ui 
are vector spaces, and that Vi L^Vi correspond to A^ G AutC/j. Then 

Hom(yi, V2) = {/ G Hom([/i, U2) : A2 o f = f o A^}. 



(iii) There is a one-to-one correspondence between isomorphism classes of rank n vector 
bundles V on C such that l*V is a trivial vector bundle on C and conjugacy classes 
of invertible n x n matrices. □ 



We have the description of the bundle VF„ corresponding to Lemma |2.1.q : given the 



isomorphism i*W^ = 0^{—po)(BO'^ , choose a local trivialization ei, . . . , e„ of 0^{—po)(B 
0~~^ at X and y as in the cuspidal case. Then: 

Lemma 2.2.5. With this choice of local trivialization, the matrix A corresponding to 

is the matrix satisfying Aci = ci and Aci = ej + ej_i for i > 1. □ 



2.3 Semistable vector bundles supported at the singular point 

Let y be a torsion free sheaf on C which is semistable of degree zero (but not necessarily 
with trivial determinant). Via the Fourier- Mukai correspondence []l4| , [l^ , ^, there is an 
equivalence of categories between the category of all such V and the category of torsion 
Oc-modules M. We define the support of V to be the support of M. 

Assume that C is singular, with singular point 0. Let J- be the unique rank one torsion 
free, non-locally free sheaf on C of degree zero, so that the support of is {0} and 
corresponds to the Oc-module Oc/vn-Q. We shall only consider torsion sheaves supported 
at 0, and let Rq = Oc,o be the analytic local ring of C at 0. Hence Rq = C{x,y}/{xy) 
if C is nodal and Rq = C{x,y}/(x^ — y^) = C{t'^,t^} if C is cuspidal. Finally, recall that 
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a semistable torsion free sheaf V of degree zero on C and with support equal to {0} is 
strongly indecomposahle if and only if dim Horn (y, ^) = 1 if and only if dimHom(J^, V) = 
1. Every strongly indecomposable vector bundle V with det ^ = Oc arises from the 
parabolic construction |11] and has a nontrivial pullback to the normalization of C. Thus 



L*V = Opi{l) e Opi"^ e C'pi(-l). More generally, the vector bundles V with detV = Oc 
arising from the parabolic construction for S'L„(C) are exactly the vector bundles of the 
form Vq© Vi, where Vq is a strongly indecomposable vector bundle supported at the singular 
point, and V2 has no support at the singular point and is regular. 

Lemma 2.3.1. Let V be a semistable torsion free sheaf of degree zero on C and with 
support equal to {0}, and let M be the corresponding RQ-module. Then: 

(i) The sheaf V is locally free if and only if M has homological dimension one as an 
RQ-module. 

(ii) The sheaf V is strongly indecomposable if and only if M = Rq/I for some ideal I in Rq 
such that Rq/I has finite length. Hence V is locally free and strongly indecomposable 
if and only if M = RQ/{f), where f is not a zero divisor or a unit in Rq. 



Proof. The proof of (i) is in ||T^. To see (ii), the equivalence of categories implies that 
V is strongly indecomposable if and only if dimHom/jg(M, i?o/n^o) = 1- First suppose 
that M = Rq/I. Then clearly dimHomRQ(i?o/-f, -Ro/ttio) = 1- Conversely, suppose that 
dimHomi^o(M, i?o/iTio) = 1, and choose (/? 7^ in Hom/{(j(Af, i^o/ino)! and m € M such 
that ip{m) 7^ 0. The map r ^ Rq^ rm defines an exact sequence 

^ Rq/I ^ M ^ M ^ 0, 

where / is the annihilator of m and M = M/RQm. Hence there is an exact sequence 

HomRo(M,i?o/iTio) Hom/j„(M,fio/mo) ^ Hom/j^ (i?o/^, -Ro/tno)- 

By construction, the image of 99 in Homjjg (iio/^j ^o/irio) is nonzero. By assumption, 
dimHom/jQ(M, iio/iTio) = 1) and thus }iomjig{M, Rq/xtiq) = 0, which implies that M = 
and M = Rq/I. Finally, if M has homological dimension one, then / is a rank one torsion 
free -Ro-module of homological dimension zero, and it then follows directly from the classi- 
fication of all such (cf. [pT| , (0.2)]) that / is principal. □ 

Direct calculation then gives the following [p^ ]: 

Corollary 2.3.2. (i) If C is nodal, then every semistable vector bundle V of rank n on 
C , supported at the singular point and strongly indecomposable, is of the form Va^b\\ 
for a, b are positive integers such that a + b = n and A G C*, corresponding to M = 
Rq / {x"" + Xy^) . For an appropriate choice of the coordinates x,y and an identification 
o/Pic°C with C*, we may assume that det Va^b^x = A, and shall abbreviate Va^b-^i = 

Va,b. 
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(ii) // C is cuspidal, then every semistahle vector bundle V of rank n on C , supported at 
the singular point and strongly indecomposable, is of the form Vn-\ for some n > 2 
and A G C, corresponding to M = C[[t'^,t^]]/{t"' + Xt"'~^^). Here A = corresponds to 
trivial determinant, and we shall abbreviate Vn-^x = Vn- □ 

It is easy to check that the dual of Va^b;\ is H,a;A-i) ^■iid the dual of Vn-x is Vn--x- 
The next corollary also follows easily by direct calculation. 

Corollary 2.3.3. With notation as in the preceding corollary, suppose that C is nodal and 
that a,b > 2. For each pair c, d of positive integers such that a — c> 1 and b — d > 1 and 
for A', A" G C* with A = A' A", there is an exact sequence 

Vcj-X' Va,b;X Va-c,b-d;X" — * 0. 

Likewise, suppose that C is cuspidal, that n > 4, and that 2 < n' < n — 2. Then, for 
A', A" G C and X = X' + X" , there is an exact sequence 

^ K';A' ^ Vn;X ^ Vn-n-X" ^ 0. □ 

The following is the main application of the above description: 

Corollary 2.3.4. In case C is nodal, suppose that a,b > 2 and that n = a + b. For all k 

such that 2 < k < n — 2, the vector bundle /\^ 14,fe;A unstable. Likewise, if C is cuspidal 
and n>A, then for all k such that 2 < k < n — 2, the vector bundle /\'^ V^-x is unstable. 

Proof. We shall just write down the proof in the nodal case and for A = 1; the proof in 
the cuspidal case is essentially identical. Beginning with the exact sequence 

^ Vi,i ^ Va,b ^ v;_i,b-i ^ 0, 

we have the Koszul filtration on /\'^ Vafi whose associated gradeds are V^-i,6-i, ^i,i ® 
t\'~^ ya-i,b-ii and A'^^^ ^2-1,6-1- Since each graded piece has degree zero, /\^ Va^b is 
unstable provided that one of the graded pieces is unstable. Furthermore, if /\^^^ Va-i^-i 
is unstable, then so is Vi^i A*^"^ Va-i,b-i- Thus we may assume that A''"' Va 
semistable. Note that the rank of Va-i^-i is n — 2 and that 1<A; — l<n — 3. Thus, since 
i*V = Opi (l)eC'pr^©C'pi (-1), 1^* A*""^ ya-i,b-i is not the trivial vector bundle on C. Since 
by assumption A'^"^ ^-i,6-i is semistable, it must have some support at the singular point 
{0}, and in particular there is a nonzero homomorphism T Va-iM-i- Identifying 

Vi^i with its dual gives an identification Vi^i ® A'^^^ ya-i,b-i — Hom{Vi^i, /\^^^ Va-ifi-i). 
The surjection Vi^i T then induces an inclusion Hom{T,T) — > Vi,i ® A*^~^ ^-1,6-1 • 
But Hom{!F,!F) = l^Oq has degree one, and so Vi^i (8) A'^"^ K-i,6-i is unstable. It follows 
that A*^ ^,6 is unstable as well. □ 

We shall see below that, in contrast, A^ ^i,n-i and A'^ are always semistable. 
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2.4 Vector bundles via etale covers 



In Proposition p.2.2 , we described bundles on a nodal curve C via bundles on the nor- 



malization together with gluing maps. In this section, we describe another method for 
constructing vector bundles over a nodal curve, using instead the nontrivial etale covers 



of degree n. (See Teodorescu for the case n = 2.) In fact, this is a special case of 
Proposition |2.2.2| , where the bundle on the normalization is a direct sum of line bundles 
and the gluing maps are of a special type, but it will be convenient to have this second 
description as well. 

Theorem 2.4.1. Let C be a nodal curve, and let ir: Cn ^ C be the unique connected etale 
cover of C of degree n. Let q ^ Cn be a smooth point. Then TT^,Oc„{q) is a stable vector 
bundle on C of rank n and degree one, and moreover every stable vector bundle on C of 
rank n and degree one arises in this way. Likewise, TT^Oc\i~Q) ^■s stable of degree —1, and 
every stable rank n bundle on C of degree —1 arises in this way. 



Proof. Since tt is etale, it is a finite flat morphism of degree n, and thus W = -K^.Ocniq) 
is a vector bundle on C of rank n and degree one. Moreover, for every line bundle A of 
degree zero on C,W ®X = tt^{Oc„ (q) ® vr*A) = tt^^Oc^ {q') for some smooth point q'. Since 
every stable vector bundle on C of rank n and degree one is of the form Wn ® A for some 
line bundle A of degree zero, it will suffice to prove that n^OcniQ) is stable. 
Applying vr* to the inclusion Oc^ Cc„ (?) gives an exact sequence 

n-l 

^ 0* ^ ^ Cp ^ 0, 

i=0 

where p = vr(g) and 9 is the n-torsion line bundle in PicC defining C„. Suppose that W is 
unstable. Then there is a quotient Q of of degree at most zero. The image of 0"=o^ 
in Q is a subsheaf of Q with torsion cokernel r and hence its degree is deg Q — £{t) < 0, 
with equality if and only if r = and degQ = 0. Since 0"Jo^ 0^ is semistable of degree 
zero, it follows then that deg Q = and that the induced map ^^Zq 0* — > Q is surjective. 
Since 0"=o^ 0'' is a direct sum of line bundles of degree zero, this is only possible if Q is a 
direct summand of 0"=o^ 9^- Hence the surjection W ^ Q also splits, so that W = Q® W, 
where degW' = 1. In particular, by the Riemann-Roch theorem, hP{C;W' (8) A) > 1 for 
every line bundle A of degree zero. Clearly, by choosing \ = 9^ for an appropriate power of 
y, we can arrange that /i°(C; Q ® A) / 0. Thus /i°(C; W®\)>2. On the other hand, 

/i°(C;iy^A) = /i°(C;7r,(Oc„(g)^vr*A)) = /iO(C7„;Oc„(g)^vr*A) = 1, 

as one checks by a straightforward direct calculation on C„. This is a contradiction, so 
that W is stable. The statements about follow from a very similar argument, or from 
relative duality applied to the etale morphism vr. □ 
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Corollary 2.4.2. Let f : Cn^ Xc C„2 Xc • • • xc ^ C, vTj: Cn, C, and pi: Cn^ xc 
Cn2 ■ ■ ■ X c Crtfe Cm be the natural projections. Then there exists smooth points 
Qi G Cm such that the bundle 

is isomorphic to 

f* {plOCr., (qi) ® • • • ^PlOc^a (9a) ® ^>a+10C„„+l (-^a+l) ® " " " ® ;PfeOc„, {-qk)) ■ 

Proof. An easy exercise shows that, in the case of two factors Cm and C^j, if Si is a 
coherent sheaf on C„., then {plSi P2S2) = (vri)*5i {n2)*S2- The general case follows 
by induction. □ 

We now use the etale cover tt: — > C to construct semistable vector bundles on 
C of degree zero. Let us begin with some notation. Order the components of Cn as 
Dq, Di, . . . , Dn-i, where Di D -Di+i 7^ 0. Let do, ... , dn-i be integers. We shall view the 
subscripts of the Di or the di as integers modulo n. Denote by Oc^idQ, ■ ■ ■ a line 

bundle of multidegree {do, . . . ,dn-i) on Cn, i.e. a line bundle whose restriction to each 
component Di has degree di. This does not specify Oc„{do, • • • ,dn-i) uniquely, but it is 
specified up to tcnsoring by a line bundle of the form 7r*A, where A is a line bundle on C 
of degree zero. Thus, the rank n vector bundle Tr^Oc„ido, ■ ■ ■ ,dn-i) is well-defined up to 
tensoring with a line bundle A of degree zero. 

Assume now that J2i = 0. Then deg vr^Oc^ (do, ... , dn-i) = 0, and we wish to decide 
when it is semistable. If all of the di are zero, then, up to tcnsoring by a line bundle of 
degree zero, Tr^Ocnido, ■ ■ ■ = ©"=0^ 0^, where ^? is a line bundle of degree zero, and 

thus 7r^Oc„{do, . . . , dn-i) is semistable. If > 2 for some i, then it is easy to see that 
TT^Ocnido, ■ ■ ■ ,dn-i) is unstable, and by relative duality or a direct argument the same is 
true if di < —2 for some i, although we shall not use this fact. Thus we may assume that 
all of the di are or ±1. The next lemma tells us when Tr^Oc„{do, . . . ,dn-i) is semistable: 

Lemma 2.4.3. With notation as above, suppose that, for every i, di is either or ±1 
and that di = 0. Then TT^Ocnido, . . . ,dn-i) is semistable if and only if, for every i, if 
di = 1, di+i = • • • = di+k-i = and di^k is nonzero, then di^k = — 1- 1"^ other words, the 
nonzero multidegrees must alternate in sign. In this case, TT^Oc„{do, . ■ ■ , dn-i) is supported 
at the singular point 0. Finally, n^Oc^ (do, ■ ■ ■ , dn-i) is strongly indecomposable if and only 
if exactly one of the di is equal to 1 and one is equal to —1. 

Proof. A vector bundle V of degree zero on C is unstable if and only if, for every line 
bundle A of degree zero on C, h^{C; F A) / 0, and V is semistable with support equal to 
{0} if and only if, for every line bundle A of degree zero on C, /t^(C; F A) = 0. Now 

H\C; ir.OcAdo, . . . ,dn-i) ® X) = H\Cn;Oc„{do, . . . ,dn-i) ® n* X). 
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Moreover Oc„ {dQ, . . . , dn~i) (8) vr*A has the same multidegree as Oc„ (do, .... dn-i), namely 
(do, . . . , dn-i)- Let A be a Hne bundle of degree zero on C. Direct computation then shows 
that H^{Cn', Ocn{doi ■ ■ ■ 1 dn-i) <8> 7r*A) = if the nonzero di alternate in sign and that 
H^{Cn;Oc„{do, ■ ■ ■ ,dn-i) ® 7r*A) 7^ if there are two di equal to 1 which are separated 
only by zeroes. This proves the first two statements. 

To see the remaining statement, it sTifficcs to show, for the unique non- locally free 
torsion free rank one sheaf J- of degree zero, that 

dim Hom(^, 7r*Oc„ {do,..., c/„_i)) = 1 

if exactly one of the di is equal to 1 and one is equal to —1, and that the dimension is 
greater than 1 otherwise. To do so, note that = l^Oq (g) Oc{—po). Moreover, 

Hom(^,7r*0c„(do, ■ ■ ■ ,dn-i)) = Hom(7r*.?^, C'c„(do, ■ ■ ■ ,rfn-i))- 

But TT*^ = {Ln)*0^ ® 'K*Oc{—po), where in - Cn ^ Cn is the normalization map. There 
is a canonical isomorphism Hom{{Ln)*OQ , Oc„) = I, where / is the ideal of the reduced 
singular locus of C„, i.e. I = 7r*mo. Thus 

Hom(7r*.F, Oc^do, dn-i)) = H\Cn] Hom{{in).0^^ ® 7r*Oc(-Po), Oc„ {do, • • • , dn-i)) 

= H\Cn; / ® Oc„(do + 1, ■ ■ ■ , dn-i + !))■ 

In other words, on each component Di = P^, we look for sections of Opi(di + 1) vanishing 
at the two points of lying in the singular locus. Clearly, the only contributions are from 
the components where di + 1 = 2, i.e. di = 1, and each such component contributes an 
independent section. Thus, dim}iom{J^ , 7r^Oc„{do, ■ ■ ■ = 1 if exactly one of the di 

is 1 and it is greater than one in all other cases. □ 

Remark 2.4.4. One can show that, if {do, . . . , dn-i) satisfies: do = ^,da = —1, and dj = 
for i 0,a, then 'rr*Oc„{do, • . . ,dn-i) is isomorphic to T4,n-a;A) where A depends on the 
actual gluing maps. We shall prove the special case of this where a = 1 below. 

Proposition 2.4.5. In the above notation, suppose that do = 1, di = —1 and all of the re- 
maining di are 0. Then /\^ T^*Oc„{do, ■ ■ ■ , dn-i) is semistable and supported at the singular 
point. 

Proof. We may assume that k < n. The vector bundle /\'^ 7r^,Ocn{do, . . . ,dn-i) is 
obtained as follows. For each fc-element subset {ai, . . . , ak} of Z/nZ, we have a component 
D{ai,...,ak} — a line bundle on D^ai,...,ak} degree dai + • • • + da^.. The component 

D^ai,...,ak} glued to -D{ai+i,...,afc+i}5 where the addition is in Z/nZ, and the line bundles 
arc glued in an appropriate way (which we shall not need to describe). This gives an ctale 
cover C" of C, with several components, and a line bundle on C whose push-forward is 
/\''7r^Oc„{do,...,dn-i). 
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Clearly, d^i + • • • ~^da^. is either 0, 1, or —1, and we must show that the nonzero degrees 
alternate in a suitable sense. Suppose that -D{ai,...,afc} is a component where the line bundle 
has degree one. Then we may assume that ai = and that we have ordered the remaining 
ai so that 2 < a2 < 03 < • • • < Ofc- Then L'{ai,...,afe} is glued to where 
ai + 1 = 1 and the Oj + 1 are increasing unless = n — 1, in which case + 1 = 0. If 
we are not in this last case, the degree on -D{ai+i,...,afc+i} is —1, and otherwise it is zero. 
Assuming that the degree is zero, then the next component is D^ai+2,...,a^.+2}j Ofc + 2 = 1, 
ai+2 = 2, and the integers ai+2, 2 < i < k — 1 are in increasing order unless afe_i = n— 2, in 
which case afc_i + 2 = 0. Thus either the degree is —1 or it is zero and {ai + 2, . . . , + 2} = 
{0, 1, 02 + 2, ... , ak-2 + 2}. Continuing in this way, either we reach degree —1 at some stage 
or all the degrees are zero until at stage k we reach {0, 1, . . . ,k — 1}. At the next stage, we 
get {!,..., k}. where by assumption k < n, and the corresponding degree is then —1. □ 



Corollary 2.4.6. // = 1, di = —1 and all of the remaining di are 0, then the bundle 
Tr^Oc„{dQ, . . . ,dn-i) is either Vi^n~i ^ X or <S A, where X is a line bundle of degree 

zero. Hence /\^ Vi^n-i O'^d /\^ are semistable for all k. 



Proof. Under our assumptions, 7r*Oc„ (do, . . . , dn-i) is semistable, supported at the sin- 
gular point, and strongly indecomposable. By Corollary 2.3.4 , vr^Ocn (c^Oj • • • idn-i) cannot 
be isomorphic to Va^b (8) A if both a and h are at least 2. Thus T:^,Oc„{dQ, . . . , dn-i) is either 
Vi,n~i A or Vn-i,i (E> A. Hence at least one of /\'^ Vi^n~i or /\'^ is semistable for all 

k, and by duality so is the other. □ 



3 G-bundles over singular curves 
3.1 G-bundles over cuspidal curves 

As in the case of vector bundles, we begin by assuming that C is cuspidal. Let G be a 
reductive linear algebraic group of rank r. We want to generalize our results on vector 
bundles to G-bundles. Our first goal is to prove: 

Theorem 3.1.1. Let ^ be a principal G-bundle over C , let Cq be a Zariski open subset 
of C containing the singular point, and let r: t*(C|C'o) Cq x G be an isomorphism of 
principal G-bundles. Then: 

(i) There exists a unique right invariant vector field X on G such that the local sections 
of (,\Go are the local sections o/z.*^|Co which, when viewed via the isomorphism r as 
local functions f : Cq — > G, satisfy 
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(ii) For Co = C , this correspondence sets up a bijection between pairs r) as above and 
right invariant vector fields on G, which we can identify with g. 

(iii) In the situation of (ii), if the pair {(,,t) corresponds to X q, then Aut^ = G 
G : adg{X) = X}. In particular, dimAut^ > r, with equality if and only if X is a 
regular element of q. 

Proof. We shall just write out the case Co = Spec i?, where i? = C[t^, t^] and Cq = Spec i?, 
where R = C[i]; the general case follows by localizing the argument. We start with a 
more general situation: Let M = Spec 5" be a smooth affine scheme, and consider smooth 
morphisms .^o ~^ Cq, locally trivial in the etale topology, together with an isomorphism 
= Co X M. Let m = {t'^,t^)R be the maximal ideal at the origin of R. We are looking 
for finite Co-morphisms Co x M ^ ,^0 which identify Gq x M with i*^o- By a theorem 
of Chevalley ex. 4.2, p. 222], ^0 is affine, and hence = Spec A for a subring A of 
R <Xic S = S[t], which is an algebra over R. The assumptions that Co is locally trivial 
with fibers isomorphic to M and that t*^o — Cq x M imply A is flat over R and that the 
scheme-theoretic fiber of ^0 over G Co is M. These requirements easily imply that A has 
the following two properties: 

1. A/mA = S[t]/tS[t] = S under the natural homomorphism; 

2. The i?-algebra {R ®c S)/A is annihilated by m. 

The second property implies that t'^S C A. Using this and the first, it follows that there 
exists a function X : S ^ S such that every element of A has the form so+A^(so)*+Z^i>2 
and conversely every such element of S[t] lies in A. The fact that ^4 is a subring implies 
that X is a derivation. A section of Co x M is of the form x 1— {x,f{x)), where / is a 
morphism from Cq to SpecS" and thus corresponds to the homomorphism from S to C[t] 
given by s 1-^ so/. In this case, the corresponding homomorphism S[t] C[t] is the natural 
extension of the above homomorphism which sends t to t. A local calculation shows the 
following: suppose that the section x t—f of Cq x M has the property that it 

induces a section Co — > Spec A, in other words that the image of A C S[t] under the above 
homomorphism is contained in C[t^,i^]. Then the function /: Co ^ M satisfies 



and conversely every such function defines a section. Clearly the i?-automorphisms of A 
are identified with the /^-automorphisms of R S fixing X. 

Conversely, given a derivation X of S, we can define the subring A via 



Clearly A is an algebra over R and A R S[t] is an isomorphism. Let ,^0 = Specj4, so 
that the morphism Cq x M — > ^0 is a bijection. We next show that the induced morphism 




A = {so + X{so)t + Sif : Si G S}. 
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^0 — > Co is smooth, in fact there are etale local cross sections. Given p G il^f and zi, . . . , Zn 
coordinates at p, let z[ = Zi + X{zi)t. Then z'^ £ A, and it is easy to check that the 
maximal ideal of A corresponding to {0,p) is generated hy t"^ ,t^, z[, . . . , z'^. The functions 
t ,t , z[, . . . , z'^ define a morphism ^ Cq x A" C sending (0,p) to (0,0), say. 

The induced homomorphism on the completed local rings C(7gxA",(o,o) ~^ ^?o,(o,p) is then 
surjective. Since both rings have the same dimension and C'c'oxA",(o.o) is an integral domain, 
it follows that the homomorphism is an isomorphism, and hence the map ^ Co x A*^ is 
etale at (p, 0). In particular, some open subset of the preimage of Co x {0} defines an etale 
cross section. 

In case M = C, it is easy to see that, given a derivation X of the affine coordinate 
ring of G, the condition that the right multiplication action of C on C x G induces a right 
action of G on ^ is exactly that X is right invariant. Thus, identifying the right invariant 
vector fields on G with q gives Part (i) of the theorem. The proofs of Parts (ii) and (iii) 
are straightforward and left to the reader. □ 

It is easy to check that, in case G = GL„(C), the element — Xj(o) G is just the matrix 
A of Lemma |2.1.1| . 

Later, we shall need the following: 

Corollary 3.1.2. Suppose that ^ is a G-bundle over C and that r : i*^ C x G is a global 
trivialization of i*^. Let X he the corresponding right invariant vector field ofG, identified 



with an element of q. Under the C* -action of Definition \1.1.3i , the bundle /j,*^ corresponds 
to the vector field fi^^ ■ X. 

Proof. This follows from the construction of Theorem |3.1.1| and the fact that fi*t = fi ■ t. 

□ 

In case the G-bundle l*^ is trivialized on C, we use the local trivialization induced by 
the global one. Changing the global trivialization by an element g € G has the effect of 
replacing X € g by ad{g){X). Thus: 



Corollary 3.1.3. The correspondence of Theorem 3.1.1 sets up a bijection between iso- 
morphism classes of G-bundles ^ over C such that l*^ is isomorphic to the trivial bundle 
and adG-orbits in g. □ 

Let ^ be a bundle such that i*^ is isomorphic to the trivial bundle. We can define 
S-equivalence for the restricted class of such bundles, in the usual way. It is easy to see 
that this definition is equivalent to the definition of S-equivalence, in the sense of geometric 
invariant theory, for the adjoint action of G on g. We shall call such a bundle ^ regular 
if dimAut^ = r. Thus, every S-equivalence class of bundles which become isomorphic to 
the trivial bundle on C contains a unique regular representative. Furthermore, the adjoint 
quotient of g, namely i)/W, where f) is a Cartan subalgebra of g and W is the corresponding 
Weyl group, describes the moduli space of S-equivalence classes of bundles which become 
isomorphic to the trivial bundle on C. 



Another corollary of Theorem 3.1.1 is: 
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Corollary 3.1.4. Let ^ he a holomorphic, topologically trivial G-bundle over C. Then 
dim H^{C; ad ^) > r. 

Proof. There is a small deformation of t*^ to a semistable bundle over C, which is 
necessarily the trivial bundle. It is easy to see that we can deform the choice of X G g to 
obtain a small deformation of to a G-bundle ^' whose pullback to C is trivial, and thus by 
Theorem 3.1.1 satisfies h^{C; ad£^') = /i^(C;ad^') > r. By semicontinuity, the same must 



hold for ^. □ 



We also need a variant of Theorem 3.1.1 for families. 



Theorem 3.1.5. Let B be a scheme. The isomorphism classes of principal G-hundles 
E ^ C X B , together with G -isomorphisms t*H = C x B x G, are classified by morphisms 
f: B ^ Q. Thus isomorphism classes of principal G-bundles ^ G x B such that l*'E = 
G X B X G are classified by morphisms f : B ^ q modulo the adjoint action of the group of 
morphisms from B to G. 



Proof. The arguments of the previous theorem show that it suffices to classify global 
sections of the sheaf of derivations of B x G, which are linear over Ob and invariant under 
the right action of G. These may be identified with an element of Ob ® 0, i.e. a morphism 
from B to Q. □ 



3.2 The nodal case 

We turn now to G-bundles over nodal curves. As before, we assume that {x, y} ^ G is the 
preimage of the singular point. There is the following analogue of Theorem |3.1.1| , whose 
proof however is simpler: 

Theorem 3.2.1. Let ^ be a principal G-bundle over G , let Go he a Zariski open subset 
of G containing the singular point, and let r: i*(C|C'o) Gq x G he an isomorphism of 
principal G-hundles. Then: 

(i) There exists a unique g ^ G such that the local sections of S,\Gq are the local sections 
of L*^\Go which, when viewed via the isomorphism r as local functions f:G^G, 
satisfy 

f{x) = gf{y)- 

(ii) For Go = G , this correspondence sets up a bijection between pairs r) as above and 
geG. 

(iii) In the situation of (ii), if the pair r) corresponds to g (z G, then Aut^ is isomorphic 
to the centralizer of g in G. In particular, dimAut,^ > r, with equality if and only if 
g is a regular element of G. 
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Proof. For simplicity, we assume that Cq = Speci?, where R = C[t], and that Cq = 
Speci?, where R = {(/i,/2) £ R '■ fiix) = /2(y)}- We again consider the more general 
situation, where M = Spec S is an affine scheme, not necessarily smooth, and ^ Cq is a 
morphism such that t*^Q = Cq x M. Let m be the maximal ideal of R. As in the proof of 
Theorem |3.1.1| , we are looking for a subring A of R (K)c 5* = which is an i?-subalgebra 
such that ^/mA = S and such that R S/A is annihilated by m. This implies that there 
exists an automorphism ip: M ^ M such that 

A={s = Y,s^t' ^S[t]:s{x) = ip*{s{y))]. 

j>0 

Clearly, as a ringed space, in the obvious categorical sense, 

Co = Spec A = Co X M/{x,p) ~ (y,v?(p)), 

and the local sections of correspond to those morphisms f : Cq ^ M such that f{x) = 
ip{f{y)). Moreover, the automorphisms of covering the identity on Cq are exactly those 
automorphisms ^ Cq x M covering the identity on Cq and such that 

Conversely, given A, we shall show that there is an etale base change Cq — > Cq such 
that XcqCq = CqX M as spaces over Cq. In fact, let Ci = Cq — {x} and C2 = Cq — {y}, 
and take the Wirtinger double cover 

C^ = CiUC2/x eC2^y eCi. 

The natural map Cq — > Cq is then an etale cover of degree 2, and the preimage of the 
singular point in Cq is the unique point (y,x) of Cq. The fiber product ^0 ^Co Cq is given 
by 

(Ci X M) n (C2 X M)/{x,p) G C2 X M ~ (y, ^{p)) G Ci x M. 

We can then define <t : C^ x M ^ ^q xcq C^ by <t|C2 x M = (Id,Id) anda\CixM = (Id, 99). 
It is straightforward to check that a defines an isomorphism of ringed spaces. 

In case M = G, an automorphism ip: G ^ C commutes with right multiplication if and 
only if 93 is given by left multiplication by g( E G. This proves the first part of the theorem, 
and the proofs of the second and third parts are straightforward. □ 

Corollary 3.2.2. Isomorphism classes of C-bundles ^ over C such that z.*^ is trivial are 
classified by Ad G-orbits in G. □ 

Let ^ be a bundle such that i*^ is trivial. We can again define S-equivalence for such 
bundles, and it is the same as S-equivalence in the sense of geometric invariant theory for 
the conjugation action of G on itself. We shall call such a bundle ^ regular if dim Aut^ = r. 
Thus, every S-equivalence class of bundles which become trivial on C contains a unique 
regular representative. Moreover, the adjoint quotient of G, namely H/W , describes the 
moduli space of S-equivalence classes of bundles which become trivial on C. 

As in the cuspidal case, we have the following: 
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Corollary 3.2.3. Let ^ be a holomorphic, topologically trivial G-bundle over C. Then 
dimH^{C;ad^)>r. □ 



There is also the following for families: 

Theorem 3.2.4. Let B be a scheme. The isomorphism classes of principal G-bundles 
3 ^ C X B , together with G -isomorphisms = C x B x G, are classified by morphisms 
f:B—>^G. Thus isomorphism classes of principal G-bundles E ^ G x B such that = 
C X B X G are classified by morphisms f : B ^ G modulo the adjoint action of the group 
of morphisms from B to G. □ 



3.3 Bundles which become trivial on the normalization 

Here we shall let G be either nodal or cuspidal. In this section, we show that the bundles 
^ on C such that t*^ is isomorphic to the trivial bundle are characterized by a strong 
semistability property: 

Theorem 3.3.1. Let G be nodal or cuspidal and let ^ be a G-bundle. Then is trivial if 
and only if for every representation p: G ^ GLn{C), the associated vector bundle ^ XqC^ 
is semistable. 



Proof. It is easy to see that, if V is an unstable vector bundle on G, then i*V is unstable. 
Thus if L*V is semistable, then so is V. Applying this remark to the vector bundle ^ XqC^ 
associated to a representation p, we see that, if is trivial, then so is i*^ Xq C^, and 
hence is semistable. 

To prove the converse, we begin with the following notation. If ^ is a G-bundle on 
C, then L*^ is a G-bundle on G = P^. By Grothendieck's theorem, every G-bundle on 

reduces to an iJ-bundle, unique up to the action of the Weyl group. Denote by A 
the fundamental group of H, i.e. the coroot lattice if G is simply connected. Using the 
exponential sheaf sequence 

^ A ^ [) 0c Opi ^ ^ ^ 1, 

it follows that il-bundles over P^ are classified by A G A. 

Definition 3.3.2. Given A G A, denote by 7;^ the corresponding iJ-bundle. 

Next, there is the following lemma concerning the instability of vector bundles on G. 

Lemma 3.3.3. Let V be a vector bundle of degree zero on G such that l*V = 0^ C'pi(ai). 
If di for some i, then V is unstable. 



Proof. Suppose for example that G is nodal and let x, y be the preimages of the singular 
points. If a, > 2, then there is a section of 0pi (a^) vanishing at x and y. It is easy to check 
that this defines an inclusion of i^Opi in V. But degt^Opi = 1, so that V is unstable. A 
similar argument works in the cuspidal case, where we choose instead a section vanishing 
to order 2 at the preimage of the cusp point. □ 
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Returning to the proof of Theorem 3.3.1, suppose that t*^ is nontrivial. By the remarks 



at the beginning of the section, i*^ 
representation with weights fi, then 



7a x/f G for some A G A. If p: G 



IS a 



.*CxGC^ = 0Opi(MA)). 



Clearly, if A 7^ 0, then by choosing p correctly, we can make some of the integers ^(A) 
arbitrarily large, and in particular at least 2. Thus, by the preceding lemma, l*^ Xq is 
unstable. □ 



3.4 A partial moduli space 

If C is a smooth elliptic curve, we can define the moduli space of semistable holomorphic 
G-bundles ^Ac{G). When C is singular, there is no longer a good notion of semistability, 
defined for every group G, which leads to a compact moduli space. However, we do have 
the following, which can be proved for example by examining the arguments of Balaji and 
Seshadri [||, especially those in Section 8 and the proof of Proposition 2.8: 

Theorem 3.4.1. Let C he nodal or cuspidal. Then there is a coarse moduli space A4'(j{G) 
whose points correspond to S-equivalence classes of G-bundles ^ which pull back to the 
trivial bundle on the normalization, or equivalently such that ^ XqC^ is a semistable vector 
bundle for every representation p: G ^ GLjv(C). Likewise, given a Weierstrass fibration 
vr: Z ^ B, there is a relative moduli space — > i?. □ 

Here the method of proof of shows that the equivalence used in defining the coarse 
moduli space is the usual S-equivalence of bundles, where all bundles satisfy the hypotheses 
of the theorem. Similarly, if C is any reduced irreducible curve, there is a coarse moduli 
space A4^(G) whose points correspond to G-bundles ^ which pull back to semistable bundles 
on the normalization C, modulo S-equivalence. 

We can describe the structure of the relative moduli space A4^^^^{G) quite concretely. 
Let Zreg ^ B he the commutative group scheme defined by the regular points of the 
morphism vr, and let A be the product group scheme B x A. Then we can define a tensor 
product group scheme, which we denote by Z^-eg A, and the Weyl group W acts on the 
tensor product by its action on A. Standard constructions then prove the following: 

Theorem 3.4.2. There is an H -bundle over Z Xb {Z^cg ® A) whose associated G-bundle 
becomes trivial on the normalization of every singular fiber. The resulting morphism Z^-^g ® 
A A4^^^^{G) is W -invariant and identifies A4^^^{G) with (Zreg'X'A)/!^ as schemes over 
B. □ 

4 The parabolic construction for singular curves and families 
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4.1 Cohomology computations for singular curves 



In this section C will be either nodal or cuspidal, and t : C — > C will denote the normaliza- 
tion. For a simply connected group G, a denotes the special root, P is the corresponding 
maximal parabolic subgroup, U is the unipotent radical of P, and L is a Levi factor of P. 
Thus 



where t < 3. An L-bundle over C thus corresponds to t vector bundles Vi, . . . ,Vt, where 
Vi has rank n^, such that detFi • • • = detVt. We define r/o to be the unique L-bundle 
corresponding to the bundles W^_^, . . . , W^^. Its determinant, i.e. the line bundle associated 
to the primitive dominant character of L, is Oc{—po)- 

We now examine the parabolic construction for rjo, in other words the set of liftings of 
r]Q to a P-bundle. The set of isomorphism classes of pairs (^p, (p) where is a P-bundle over 
C and if is an isomorphism from S,p/U to r/o is as usual the cohomology set H^{C; C/(r/o)). 
There is also a corresponding functor from schemes over C to sets defined in @, 4.1.1]: if 5 
is a scheme over C, let F(5) be the set of isomorphism classes of pairs (Hp, where Hp is 
a P-bundle over C x S and <I> : r.p/U 7r*r?o is an isomorphism of L-bundles. In this paper, 
in contrast to the notational conventions of Q, since our main interest is in G-bundles, we 
shall use the letter ^ to denote the G-bundle ^pXpG, and similarly for H. We wish to study 

{C ; U {r]o)) and its linearized analogue {C ; u{r]o)) = ^ f^^^ {C ; u'' (rjo)) . The center 
of L contains a subgroup isomorphic to C* which acts on H^{C; U{r]Q)) and {C ; u{r]Q)) . 
Let us begin by recalling the situation for a smooth elliptic curve E |^ Corollary 2.1.7 and 
Theorem 3.3.1]. In this case, the semistability of tjq and the fact that u'^ is an irreducible 
L-module imply that u'^(ryo) is a semistable vector bundle over E of negative degree. Thus, 
H^{E;u^{rio)) = for all k > 1, and so by the Riemann-Roch theorem the dimension of 
H^{E; u(r/o)) is simply given by the negative of the degree of u(r/o), which can be computed 
to be r + 1. 

In case C is singular, it is rarely the case that the vector bundles u'^(r/o) are semistable. 
However, we can directly enumerate them in Table ||. As a guide to working out the bundle 
11*^(770)1 note that u*^ is an irreducible L- module with highest weight Afc(a), the highest root 
such that a occurs with coefficient k. Moreover, the determinant of 11^^(7/0 ) as a vector 
bundle is Oc{—i{k)pQ), where i{k) is the number of /3 G A such that 5/3 = k. 

The meaning of the following theorem is that, although the bundles u'^(r/o) are typically 
not semistable, their cohomology almost always looks like that of a semistable bundle. 

Theorem 4.1.1. Let G be a simple and simply connected group. If G is nodal, then for all 
k, H'^{G;u^{t]o)) = 0. IfC is cuspidal, then H'^{G;u^{r]Q)) = except for the case where G 
is of type Eg and k = 1, where h^{C;u^{r]Q)) = 1. 



Proof. The proof boils down to a very lengthy computation. First, by the stability of 
W^, H^{C; W^) = 0, which handles the case of E^, k = 3, E7,k = 4, Es, /c = 6, F4, /c = 3, 
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Table 1: The vector bundles u'^(r7o) 
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and G2,k = 2. To handle the case of as weh as Bn,k = 2, C„,, and Dn,k = 2, 

we use the fact that H^{C; Wj^ = by [0, 3.3]. By the stabihty of Wa and Wf,, 

H^{C; W^®Wb) = UomiWa, Wb) = as long as a < 6. This handles Ej, k = 3,Es,k = 4, 5. 
Another easy case along these lines is EQ,k = 2, where H^{C;W3 ® Oc{—po)) = 
}iom{W^ ,W3 (g) Oc{-po)) = since both and W3 ^ Oc{—po) are stable and the slope 
of W3 (g) Oc{-Po) is -2/3 < fi{W^) = -1/3. This also handles the case of F4, k = 2. The 
cases of Bn, k = 1, Dn, k = 1, and G2,k = 1 are handled by the following lemma: 

Lemma 4.1.2. For all k > 1, the bundle ® is semistable. If V is a semistable 
sheaf of degree zero, then h^{C; 'S>V) = 0. Thus, for all positive n and k, h^{C; Wk <8> 

<®0 = o. 



Proof. First, we may write Wk ® = Oc © adVFfc, where adVFfc has degree zero 
and h?{a,dWk) = since Wk is simple. But then adVFfc is semistable, for if it had a 
torsion free subsheaf S of positive degree, then we would have h^{a.dWk) > h^{S) > 0. 
To prove the second statement, write V = Vq (B Vi, where Vq is supported at po & C and 
Vi has support not containing pQ. Since Vq has a filtration whose associated gradeds are 
isomorphic to Oc and H^{C; W^) = 0, it follows that ijO(C; W^ o Vb) = as well. Thus 
it suffices to show that H^{C; W^ Vi) = 0, which follows inductively from the fact that 
h^(C; Vi) = h^{C] Vi (g) Oc(-Po)) = 0. The final statement follows from the first two. □ 

Returning to the proof of the theorem, we now handle the case of Eq, Ej, E^, F4 and 
k = 1. From the inclusion W2 (g W^ C W2 <g> W^ W^ , we see that it suffices to 

prove: 

Lemma 4.1.3. // C is nodal, then /i°(C; W2 W^ ® W^) =0. If C is cuspidal, then 
hP{C] W2 ® W^ ® W^) = and h^{C; W2 O W^ W^) = 1. 



Proof. In the nodal case, a computation based on Corollary 2.4.2 shows that h"{C; W2 ' 
0. 



w- 



In the cuspidal case, first consider the bundle W2^W^ (gW^ of rank 24. It is easy to see 
that H^{C; l*{W2 ® Wj^ W^)) has dimension 23. By Corollary |T|, there are 24 hnear 
conditions that these sections must satisfy in order to give sections of W2 <8> W^i' <8> W^ . 



One can check using Lemma 2.1.5 and Corollary p. 1.3 that there is no nonzero section 
satisfying these conditions. In the case of W2 ® W^l' (8) W^ , it is likewise easy to check 
that H^{C; i*{W2 ® W^ (g> W^)) has dimension 30, which is the rank of W2 O 1^3^ O W^ . 
In this case, although there are 30 equations in 30 unknowns, it turns out that there is a 
1-dimensional space of solutions. We leave these involved computations to the reader. □ 



We will give a different proof of Lemma 4.1.3 in the next section. 

There remain the cases of Ej, k = 2 and Eg, k = 2,3. These can be computed on an ad 
hoc basis, again by using Lemma 2.1.5 and Corollary 2.1.3, The result is summarized in 
the following lemma: 
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Lemma 4.1.4. Let C he either nodal or cuspidal. Then 

2 2 2 

H\C; Wz® l\Wi® Oci-Po)) = H^{C; /\ (g) W3) = H^{C; /\ W5 W^) = 0. □ 
This completes the proof of Theorem [4.1.1| . □ 

Corollary 4.1.5. Let C be a Weierstrass cubic. Suppose either that C is not cuspidal or 
that G is not of type Eg. Then the functor F corresponding to H^{C; U{r]Q)) defined at the 
beginning of this section is representable by an affine space A*""*"^ and a pair (Hp, <I>). There 
is a marked point G A^"*"^ corresponding to the trivial lift tjq Xi P. The embedding of C* 
as the identity component of the center of L induces a C* -action on A^'^^ fixing and a 
compatible action on the pair (Sp,4>). Let S — C x A'"+^ be the G-bundle Ep Xp G. If 
denotes the restriction of 'E to C x {x}, then, for all x ^ 0, h^{C;ad^x) = f o,nd the 
Kodaira- Spencer homomorphism from the tangent space Tx to A**"^^ at x to H^{C;ad^x) 
induces an isomorphism from the quotient ofTx by the tangent space to the C* -orbit through 
X to H^{C;adS,x)- 

Proof. The first two statements follow from Theorem [4.1. 1| and 0, Theorem A. 2. 2]. The 
final statement follows by checking directly that the method of proof of Corollary 4.5.2] 
works in the singular case as well. □ 



Remark 4.1.6. In case G is of type £"8 and G is cuspidal, the dimension of H^{G;u{r]Q)) is 
10 instead of 9. More seriously, however, the functor F does not satisfy the representability 
criterion of Theorem A. 2. 2], and in fact one can show that it is not representable. 

By applying Theorem A. 2. 6 and Remark A. 2. 7] to the conformal bundle 770 con- 



structed in §1.4, we have: 



Corollary 4.1.7. Suppose that vr: Z ^ B is a Weierstrass fibration and either that G ^ Eg 
or that IT has no cuspidal fibers. Let r/o be the L-bundle of § |j.^ . Then there is a bundle 
of affine spaces A ^ B whose fibers have dimension r + 1 and a pair (Hp,$) consisting 
of a P-hundle Ep over Z Xp A and an isomorphism <1>: Ep/U 7r|r}o; with the property 
that the set H^{Z; U{fjo)) of liftings o/r/o to a P -bundle is identified with the set of sections 
of A. The bundle A has a zero-section corresponding to the trivial lift 7r|f}o P- The 
group C* acts on A, covering the identity on B and fixing the zero section, and the quotient 
of the complement of the zero section is a bundle of weighted projective spaces WV{G). 
If B = Speci? is an affine space A'^, then A = Spec R[zo, Zr] as spaces over Speci?. 
Finally, in case G ^ Eg, the bundles A ^ B form a space over the moduli stack. □ 

There is also a universal conformal bundle WV{G) in an appropriate sense. For each 



group G, we have defined a subgroup F of the center of G in Theorem 1.4.1. We also have 
the subgroup TLjn^ defined in ||^, Lemma 1.2.4]. The group F ■ TLjUf^ is always cyclic, 
since in case G is of type -D2rn = 1 by 0, Lemma 3.2.2]. Thus there is an embedding of 
F ■ TjjnJL in C* and we can form the group G = G x p-z/uaZ C*. We then have: 
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Theorem 4.1.8. Let Z ^ B he a Weierstrass fibration and suppose either that G ^ Eg 
or that TT has no cuspidal fibers. For each group G, let W'P(G) be the bundle of weighted 
projective spaces constructed above and let WP{G)reg be the locus where the projection 
}V'P{G) B is a smooth morphism. Then there is a G-bundle H — > Z x By^'P{G)reg which 
reduces on every fiber C to the universal conformal bundle over G x WPreg constructed in 
I, Prop. 4.3.2]. □ 

Thus, sections of >VP(G)rog B define G-bundles over Z, which can be reduced to 
G-bundles over every fiber. However, the bundles over Z do not necessarily reduce to 
G-bundles. 



4.2 The case of revisited 



We will give another argument for Lemma 4.1.3, which will be used later, and will also 



handle the weight one cohomology for and Ej. The idea of the proof will be to work 
on the moduli stack, or equivalently over with the universal family £, and to give an 
inductive computation of the relative cohomology of W2 ® W3' ® for n < 5. We will 
stick to the case of a general vr : Z ^ B, using the universal family as needed. The L-bundle 
r/o corresponds to the three vector bundles (>V2 tt*/:'^)^, {W3 (S) n* C^^ , (Ws (g) vr*/:)^. We 
wish to analyze the sheaves i?V*(W2 (g> -n* C"^) for i = 0, 1. The factor t:* C'^ 

will not however be important. We use the exact sequence 

^ ^ ^ vr*/:-^ ^ 0. 

Thus there is an exact sequence 

^ W2 ® Wg^ O t:*C^ ^ W2 ® Wg^ 7r*£2 ^ Tr*C-^ 0. 

The idea will be to apply R^tt^ to the above exact sequence and analyze the coboundary 
map. We begin with a series of lemmas. 

Lemma 4.2.1. i2°7r,(>Vn = Ob and R^TT,{Wn ® W^+i) = 0. 



Proof. By stability, Hom(W„, Wn+i) = and hence H^{G;Wn Wn+i) = as weh. 
Thus, there is a unique nonzero homomorphism Wn+i — > Wn mod scalars, and clearly 
it is the surjection of the inductive construction realizing Wn+i as an extension of Wn 
by Oc- Thus the surjection Wn+i Wn defines an everywhere generating section of 

R^TT,Hom{Wn+l,Wn) = R^M'^n ® ^^n+l)■ HcUCe R^TT,{Wn ® W^+^) = Ob- □ 

Lemma 4.2.2. i?°7r*(W2 ® W:^) = and 
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Proof. We shall apply i?*7r* to the exact sequence 



-1 



Let 6: i?°7r,(>V2 ® Wg^ ® ^ 
morphism. Using the fact that W2 
that 



^ Oz{-a) 



) Oz{—cr)) be the connecting homo- 
£ and |jll|, Corollary 4.7], we see 



i?V(W2«)W3^(g)Oz(-CT)) 
i?V*(W2«)W3^(g)Oz(-CT)) 



0; 



Likewise, from Lemma 4.2.1 
)7r*£ 



it follows that i?°7r*(>V2 



7r*£- 



Ker(5and i?i7r,(W2 «) W3 



.3 ^ /, ^ ; - 0. Thus i?°7r,(>V2 «) W;^ (g) 
1^2 ; — Coker 6. On the other hand, 6 defines a section of H^{B; C^(BC(B Ob 
and clearly this section is well-defined over the moduli stack. By Proposition 1.2.4, the 



£ ^ and that 

c-^ec-^), 



only possibility is that the component of S in H^{B; Ob) is a constant, possibly zero, 
and that all other components are zero. If 5 = 0, then R^7r^{yV2 V^^ W2^) is a rank 



4 and thus that 



four vector bundle, implying that for every C, h^{C;W2 

hP{C; W2 ® ® ^2 ) = 1 by Riemann-Roch. On the other hand, for a smooth elliptic 
curve C, we know that -ff°(C; W2 ® ® W^) = by semistabihty. 
isomorphism from to the corresponding factor of £^ © Ob © ( 
completes the proof of Lemma 4.2.2| . 



Thus 5 defines an 
5 £-2 © £-3. This 
□ 



The next lemma deals with the weight one cohomology for E^: 
Lemma 4.2.3. For all Weierstrass cubics C, H^{C] W2 © © W^) 



i?V(W2©W3^©W3^) 



= 0; 

^C^®Ob 



0, and 



Proof. Applying i?*7r* to the exact sequence 

^ W2 © ^3"^ © ^ W2 © W3^ © W3^ ^ W2 © © ^*c- 



and using Lemma 14.2.21 gives a connecting homomorphism 5: C '^^C'^®Ob®C ^©£ ^ 



such that Ker(^ = i?°7r*(W2 © W;^ © W^) and Coker(5 = iii7r*(>V2 © >V3^ © W^). Again 



using the fact that 5 is defined over the moduli stack, it follows from Proposition 1.2.4 that 
the induced homomorphism £~^ — s- £^ is a constant multiple of G2, the homomorphism 
£~^ £~^ is given by a constant, possibly zero, and all other components are zero. 
Arguments as in the proof of the previous lemma show that 5 ^ If the induced map 
£~^ — > £~^ were zero, then it would follow that i?-'^7r*(yV2 © © W3 ) is the direct sum of 
a rank three vector bundle plus a torsion sheaf supported along the divisor where G2 = 0, 
and of rank one along its support. By standard cohomology and base change result, for 
C a smooth elliptic curve with (72 = 0, we would have h}{C;W2 © © ^3^) of rank 
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at least four, which contradicts the semistabihty of W2 ^ (8> . Thus the induced 
homomorphism — > C~'^ is an isomorphism, and so the quotient is £^ © © C~^. 
In particular, i?^7r^.(W2 ® (E> ^V^) locally free of rank three, so that, again by base 
change, h^{C; W2 (g) W^) = 3. Thus, by Riemann-Roch, h^{C; W2 ® ® W^^) = 0. 
This completes the proof. □ 

Next we deal with the weight one cohomology for Ej: 
Lemma 4.2.4. For all Weierstrass cubics C , H^{C; W2 <Ki Wj^ W^) = 0, and 

i?V(>V2 ® Wg^ W4^) = 0; 

Proof. In this case, we apply K^tt^: to the exact sequence 

^ W2 ® Wg^ © ^ W2 © © ^ W2 © © TT*C-^ 0. 

The result is a connecting homomorphism 5: — >• £^ © © C^"^. The only possible 
nonzero term is the induced map and we can argue as before. □ 

Finally we turn to the case of Eg, and consider the exact sequence 

^ W2 © Wg^ © ^ W2 © © ^ W2 © © TT*C~^ 0. 



Lemma 4.2.5. Let 6: -RV(W2©W;^©7r*/:-4) ^ R^'k.4W2(E>W^ (S>Wl) be the connecting 
homomorphism in the above exact sequence. Then we may identify 5 with a homomorphism 
— > £^ © Ob. Under this identification, 6 = (ciGs, C2G2) with both c\ and C2 nonzero 
constants. It follows that if C is either smooth or nodal, then H^{C; W2 © ^^3^ © W^) = 0, 
but if C is cuspidal, then H^{C;W2 © © W^) has dimension one. 



Proof. We work on with the family £. As before, we can identify 5 with a homo- 
morphism — > £^ © Oj^2, which thus has the form 6 = (cig'3, 02^2)) where the Cj are 
constant. As before, if one of the Cj is zero, we reach a contradiction by considering the 
cohomology for a smooth elliptic curve with either §2 or 173 equal to zero. Thus both ci 
and C2 are nonzero. Hence, R^tt^,{W2 © W3 © W^) = © mo, where mo is the maximal 
ideal of G A^. Via base change, for a cuspidal curve C, this leads to an isomorphism 
mo/mg ^ H^{C; W2 © © W^), and hence h^{C; W2 © © W^) = 2 if C is cuspidal. 
If C is nodal or smooth, the same arg ument shows that h^{C; W2 (E)W^) = I. The 

final statement of Lemma 4.2.5 then follows from Riemann-Roch. □ 
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4.3 Unipotent cohomology on the normalization 

We now analyze the pullback t*r/o as a bundle on C = P^. Recall that, by Definition 3.3.2, 
given A G A, there is the corresponding i?-bundle 7a over C. Then: 

Lemma 4.3.1. i*r/o = 7_Ai(o)v Xh L, where Ai(a)^ = X]/3gA /^"^ highest coroot such 

that the coefficient of in Ai(a)^ is one. 



Proof. First, as usual we view the maximal torus D of diagonal matrices of GLk{C) as 
the quotient /iJ' , where ei, . . . , is a basis for Z*^, in such a way that the coroots of 
SLk{C) are given by Oj = — e^+i. Note that (cfc, Ck-i — Ck) = —1, so that projects to 
the element —voa^.- Under the correspondence between D-bundles over and elements of 
Z*^, the element — ei corresponds to C'pi(— 1) O^i^ , and so to i'W'^ . 

Consider the morphism H ^ L ^ GLn.{C) induced by projection of L onto one of its 
factors. If we label the simple roots corresponding to the factor SLn^ (C) as Pi, ... , Pm-i, so 
that Pn^-i is the unique simple root not orthogonal to a, then a"^ projects to — ro^^ _^ , by ||^, 
Lemma 1.2.3]. Thus in the description of the maximal torus of GL„j(C) above, possibly after 
reordering the (3i, we may assume that , . . . , Pn^-i, a'^ correspond to (61 — 62), . . . , {em-i — 

6nJ,6„. and so P]^ -\ h/?^._i + a^ corresponds to (6i-62)H h (6„^_i - 6nJ + 6„^ = 61. 

On the other hand, Ai(a)^ is the sum of all the simple coroots, and the only simple 
coroots which are not annihilated by the roots in GL^. (C) under the projection are the 
coroots Pi , . . . , P^._i,a'^ . Hence — Ai(q:)^ projects to the element —61. It follows that 
7_Ai(a)v Xh C"* = i*W^. for every i, which proves the lemma. □ 

Lemma 4.3.2. Let P be a positive root. Then 0''(7-Ai(a)v) — Opi{—2) if and only if 
P = Ai(a). In all other cases 0^(7-Ai(q)^) is isomorphic either to Opi or to C'pi(ibl). 



Proof. Clearly Q^{j-x,^a)-) = Opi (-/3(Ai(a)^) = Opi (-n(/3, Ai(a))), where n(/3,7) 
denotes the Cartan integer. The result is then immediate, bearing in mind that a is a long 
root and hence so is Ai(a) since, by ||^, Lemma 1.4.6], it is Weyl conjugate to ai{a) = q. □ 



Corollary 4.3.3. H^{F^;u^{i*r]o)) = for all k > 1, and H^{F^;u^{i*rjo)) ^ C. 



Proof. First note that 0^i(") C Since ^^(pi; Opi (a)) = for all a > -1 and 
H^{¥^; (9pi(— 2)) = C, the result is immediate from Lemma 4.3. 1| and Lemma 4.3.2| . □ 



Let F be the functor from schemes over C to sets corresponding to if^(P^; C/(i*7/o))' 
for a scheme S, F{S) is the set of isomorphism classes of pairs (Hp,<I>), where Hp is a 
P-bundle over C x S and Ep/U — > 7r|(z.*r/o) is an isomorphism of L-bundles. If F is the 
corresponding functor for P-bundles over C defined at the beginning of this section, then 
the map (Hp,<I>) 1-^ ((t x Id)*Hp, {l x Id)*<I>) defines a natural transformation of functors 
from F to F. 
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Proposition 4.3.4. The functor F is representable by an affine space A and a pair over 
C X A^. The inclusion o/C* in Auti(/,*7/o) defined by the homomorphism ipa from C* to the 
center of L given in [0, Lemma 1.2.3] defines an action of C* on A^, which is isomorphic 
to the linear action with weight n^. If the functor corresponding to H^{C;U{r]Q)) is also 
representable by an affine space A''^^, then pullback defines an C* -equivariant morphism 
f: A'^+i ^ Ai. 



Proof. The representability of the functor by an affine space fohows from ||^ Theorem 
A. 2. 2 and Remark A. 2. 5] and the inclusion of C* into the center of L gives an action on 
C* on the corresponding affine space. Arguing as in ||^, §4.2], there is a C*-equivariant 
isomorphism from this affine space to i?^(P^; u(i*ryo))- By the preceding corohary, this last 
vector space is one-dimensional, and the action of C* on it is given by Ai(a) o ip^, where 
we view Ai(a) as a character on H. Since is in the kernel of all simple roots except a, 
Ai(a) o ipoi{t) = ao (pa{t) = t"". The last statement then follows since both functors are 
representable. □ 



Lemma 4.3.5. Let S,x be the G-bundle corresponding to x & H^{F^; U{l*7]q)). Then x ^ 
if and only if is the trivial G-bundle. 



Proof. By Lemmas 4.3.1 and |4.3.2| , the bundle t*r]o x ^ G is not the trivial G-bundle, 



and hence the origin in H^{F^; U{i*rjQ)) does not correspond to the trivial G-bundle. Since 
all other points of H^{¥'^;U{i*r]Q)) are C*-equivalent, it will suffice to show that there is 
one point x S H^(¥^; U{L*r]o)) such that the corresponding P-bundle ^ satisfies: ^ x p G is 
trivial. Since all G-bundles are topologically trivial, there is a small deformation of L*rjo x^G 
which is the trivial bundle. Thus it will suffice to show that the Kodaira-Spencer map of 
the family corresponding to {F^ ; U {l* rjo)) is an isomorphism. This map is given by a 
homomorphism from ; u{l* 7]q)) to H^(F^; adG('-*??o L C)), which is just the inclusion 

of H^{F^;u{i*rio)) in 

H\F^-adG{i*m XL G)) = H\F^;uii*r]o))(BH\F^-adL{i*Vo))®H\F^;uii*r]oy). 

Since u{i*r]Q)'^ is a direct sum of line bundles of degrees 0, ±1, or 2, (F^ ; u{l* r]Q)'^ ) = 0. 
Moreover, i7^(P^; adL(t*T/o)) = since i*7yo is rigid (Opi(— 1) C^r^ has no nontrivial 
deformations). Hence the Kodaira-Spencer map is an isomorphism. □ 



It is easy to give a direct proof of Lemma 4.3.5| by working in the subgroup of G 



isomorphic to SL2{C) whose Lie algebra is g -^^u^Fg) Q . Ai(a)^ © g-^i^") and using the 
reduction of structure of L*r]Q to a Cartan subgroup of this SL2{C). 

Corollary 4.3.6. Suppose either that C is not cuspidal or that G is not of type Eg, so that 
the functor corresponding to H^{G;U{rjQ)) is representable by an affine space A**^^. Let 
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WP(G) denote the corresponding weighted projective space A''"'"^ — {0}/C*. For p € WP(G), 
let denote the corresponding G -bundle, and define 

Doo = {p ^ WP(G) : i*^p is not isomorphic to the trivial G-bundle}. 

Then is an irreducible Weil divisor on W¥(G) , isomorphic to a weighted projective 
subspace, and WP(G) — Dqo clit- iffine space . 



Proof. Let /: A^"^^ A^ be the C*-equivariant morphism of Proposition 4.3.4 . Since 
C* acts on A^ with weight n^, and divides ah of the weights of the C*-action on 
A*""^^, it follows that / is linear with respect to every linear structure on A''"'"^ for which 
the C*-action is linearized. Moreover, /~^(0) is a linear, C*-invariant subspace, and the 
quotient {f'^{<d) - {0})/C* is a weighted projective subspace of WP(G) which is exactly 
the hypersurface Doo- Thus Doo is irreducible. 

Fixing a nonzero point x G [C ; U {l* rjo)) = A^, f~^{x) is an affine subspace A*" C 
A''+^, and the induced morphism from A^ to WP(G) embeds A^ in WP(G). Clearly, this 
image is the complement of Doo- D 

We continue to assume either that G is not of type £"8 or that C is not cuspidal. Fix once 
and for all a nonzero point x £ H^{C;U{i*riQ)) and a trivialization of the corresponding 
G-bundle ^, where ^ is the G-bundle corresponding to x. If H ^ G x A^'"*"^ is the universal 
bundle of Corollary 4.1.5, then restriction defines a universal bundle H ^ G x f^^[x) and 



the trivialization of ^ defines a trivialization of {i x Id)*H. By Theorems ^.1.5 and |3.2.4 
there are induced morphisms a: /~^(x) = A*" ^ g, in the cuspidal case, and cr: A*" — > G, 
in the nodal case. By Corollary 4.1.5| , the image of a in either case is contained in the set 
of regular elements. 

Definition 4.3.7. We shall call either cr: A^ — > g (in the cuspidal case) or ct: A^ — > G (in 

the nodal case) a parabolic section. Note that changing the trivialization of ^ corresponds 
to composing a with the adjoint action of a fixed g G. 

4.4 A morphism to the relative moduh space 

Let tt: Z ^ B he a Weierstrass fibration, and suppose either that G is not of type Eg or 
that there are no cuspidal fibers of vr. For each fiber G, we have the affine space A''"'"^ and 
the corresponding weighted projective space WP(G). Suppose that G is singular. There is 
a Zariski open subset WP(G)o of WP(G) corresponding to G-bundles which are trivial on 
G. In the relative situation, we can define the space WV{G)o B, whose fibers consist 
of the full weighted projective spaces over points corresponding to smooth fibers of vr, and 
are the affine spaces WP(G)o over those points of B corresponding to singular fibers. By 



the universal property of the relative coarse moduli space 

M^z/bC^) defined in there 



is a morphism WV{G)o A4^^^(G). Clearly ^' is compatible with base change. 
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Theorem 4.4.1. The morphism WV{G)o M%/^{G) is an isomorphism, and hence 
WP(G)o is isomorphic to {Zj-^g ® A)/W as schemes over B. 

Proof. First assume that the generic fiber of tt is smooth. By Looijenga's theorem, the 
restriction of ^ to the fiber above every smooth point is an isomorphism and the differential 



of ^' is an isomorphism by CoroUary 4.1.5. Thus ^' is a quasi-finite degree one morphism 
between two normal varieties, so that ^ is an open embedding by Zariski's main theorem. 
We must show that ^ is surjective. It suffices to check this at the singular fibers. For such a 
fiber, the restriction of ^ is an etale injective morphism from A'' to A^. It is an elementary 
fact g Theorem (2.1)] that every such morphism is also surjective. 

Let C now be a singular curve; if G is of type we also assume that C is not cuspidal. 
Choose some Weierstrass fibration Z' B' containing C as a singular fiber and such that 
the generic fiber is smooth; if G is of type we also assume that no fiber is cuspidal. 
For example, we can use the universal family £ or its restriction to A^ — {0}. Applying 
the above and the compatibility with base change, we see that ^ induces an isomorphism 
over the singular fibers from A*" to M.^{G). The same is now true for every Weierstrass 



fibration. The last statement of the proof follows from Theorem |3.4.2. □ 



The above theorem implies that the parabolic construction is a compactification of the 
space (.^reg ^ A)/VK. In the next section, we will compare this compactification with other 
possible compactifications. 

Applying the above to the case where Z is a point and the corresponding Weierstrass 
cubic is singular gives: 

Corollary 4.4.2. Suppose that C is nodal. Then WP(G)o = WP(G) - -Doo = and 
the induced morphism A*" — > H/W is an isomorphism. The composition of the inverse 



isomorphism H/W = A** with the morphism a: ^ G of Definition 4.3.7 is a section of 
the adjoint quotient morphism G — > H/W , whose image is contained in the set of regular 
elements. A similar statement holds if G is cuspidal and G is not of type Eg, provided that 
we replace H/W by \]/W and G by g. □ 

The content of the above corollary is that the parabolic section functions much like the 



Kostant or Steinberg section |13| , 17] in the cuspidal or nodal case. Using the C*-action, 
we will give an elementary proof of this fact in the cuspidal case (i.e. one that does not use 
Looijenga's theorem). It would be nice to have a direct argument in the nodal case as well. 

4.5 Linearization of the action over the universal elhptic curve 

For the rest of this section, we shall be concerned with constructions over the moduli stack, 
including the case of cuspidal fibers. Indeed, the C*-action on the cuspidal curve will be 
crucial to the arguments. Thus, throughout the remainder of this section, we shall 
assume that G is not of type Eg. 

We now consider the case of the universal elliptic curve £" ^ A^ = Spec C [(72; 53] • There 
is the C*-action on £ of Definition |1.1.2| . We shall construct a bundle of affine spaces As 
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over and a principal G-bundle over x^2 As such that the C*-action hfts to an action 
on the bundle. There is also a section e: ^ As corresponding to the origin in every 
fiber. 

Theorem 4.5.1. Let X: C* x £ ^ £ be the action of Definition \1.1.^ . There is a bundle 
of affine spaces f: As = SpecC[g2, Qs, zq, . . . , z^] ^ A^ = SpecC[g2, gs] and a universal 
G -bundle H over x^2 As, whose restriction to each fiber C is naturally identified with 
the affine space H^{C; [/(r/o)) and the universal G-bundle H x^- G over G x H^[E; U{7)q)), 
where H is the G-bundle constructed in Corollary |^. j.4 Finally, there are C* -actions on 
As and on H, where the second action commutes with that of G, such that the projections 
As — > A^ and E £ Xj^2 As are equivariant. 



Proof. In Theorem |1.4.2| , we have constructed an L-bundle 570 ^ind a C*-linearization of 
the bundle 570, which we can view as giving an isomorphism A*?7o — vr^r/o over C* x £. There 
is the functor F which associates to a scheme S over A'^ the set of isomorphism classes of 
pairs {S,p,(p), where is a P-bundle over £ x^2 S and ip is an isomorphism from ip/U 
to vrjj'f/o, and, by Corollary |4.1.7| , F is represented by the triple H^, <1>), where As is a 
bundle of affine spaces over A^, Hp is a P-bundle over £ Xj^2 As, and <I> : — > vrji'f/o is 
an isomorphism. It will suffice to find the requisite C*-actions on As and on Hp, and then 
to set H = Hp Xp G. 

Let r : C* X ^ A^ be defined by T{ii,a) = fi ■ f{a), i.e. r = Aq o (Id x/). Then the 
morphism 

p: £ x^2 (C* X As,t) £ X As 

defined by p{e, {lJi,a)) = • e,a) has image contained in £ x^2 As, and we denote the 
induced morphism hy p: £ x^2 (C* x As-,t) £ X42 As- Clearly, up to a permutation of 
the factors, tti op is the natural projection of £ x^2 (C* x As) to C* x £ followed by A~"^, 
the inverse of the action on £. The pullback bundle p*Hp has an induced isomorphism 

p*^:p%/U^p*Trlrio ^ (A-i)*7?o = 

where we have used the given linearization of the action A on f/Q. By abuse of notation, 
we denote the induced isomorphism p*Ep/U — >• TrlfjQ by as well. The pair (p*Hp,p*$) 
defines an element of F(C* x^A^:, r), and hence there is a classifying morphism A' : C* x^^ — > 
As- Moreover, the following diagram commutes: 

C* X As As 



Idx/ 



/ 



C* X A2 A\ 

It is straightforward to check that A' defines an action of C* on As- Since both A and A' 
cover the action of Aq on A^, there is an induced action of C* on x^2 As, which we denote 
by A X A'. 
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Finally, we must show that the action A x A' lifts to an action on H^. To do so, note 
that by definition (Id xA')Hp = p*Hp, and hence (A x A')*Hp is identified with the pullback 
of under the composition of the morphisms 

C* X (£■ xj^2 As) £ xj^2 (C* X A£,t) £ xj^2 As 

where the first morphism is {fi,{e,a)) i— > • e,{fi,a)) and the second is {e,{fi,a)) i— > 
• e,a). Thus the composition is just projection onto the last two factors. Thus we 
have found an isomorphism from (A x A')*Hp to the bundle over C* x (£ x^2 As) obtained 
by pulling back Hp by projection onto the last two factors. Again, it is straightforward to 
check that this gives an action of C* on the principal bundle Hp. □ 



Remark 4.5.2. The proof actually shows that, in the above notation, the linearization on 
the G-bundle H is induced from one on Hp which fixes the trivialization Hp/C/ — > vrfr}o. 

Thus there are two commuting actions of C* on As = SpecC[g2, gs, zq, . . . , Zr]. Here the 
first is the action of the identity component of the center of L, and this action is equivariant 
with respect to the trivial action of C* on SpecC[g2, gs]- The other action is the lifting of 
the C*-action A on £" given by Theorem |4.5.1| and is equivariant with respect to the action 
on Spec €[52753] given by fi ■ (52, 53) = {(^-'^92, fJ'^ds)- The two commuting actions of C* 
define an action of C* x C* on As, preserving the zero-section e of As — > £■ The dual 
action of C* x C* on the coordinate ring C[g2, ga, zq, . . . , Zr] is equivalent to a bigrading on 

'C[92,g3,Z0,---,Zr]. 

Proposition 4.5.3. Let T = e*T4^/^2 be the restriction of the relative tangent bundle to 
the zero section e . Since e is preserved by C* x C*, there is an induced action of C* x C* 
on T. There is a C* x C* -equivariant isomorphism of spaces over from As to T. 



Proof. The argument is very similar to that for |^, Lemma 4.2.3]. First, As = 
SpecC[(72, 53, ^0; • • • ) -^r]) and the construction of the Appendix to [0] shows that we can 
assume that the zero-section e is defined hy zq = ■ ■ ■ = Zr = 0. Let M be the projec- 
tive C[(72; fl'3]-niodule corresponding to T*. The (C* x C*)-action on T defines a bigrading 
M = ©pg-ZWp^q, and the homomorphism C[g2, g3, zq, . . . , Zr] — > M defined by sending a 
function to its differential along e is a surjective homomorphism of bigraded C[g2,g3]- 
modules. If / G 'C[g2,g3] is weighted homogeneous of degree n, then / • Mp^g C Mp^q+„. Let 
M{p) = 0g Mp^g. Then M{p) is a C[g'2 5 53]-module and M = 0^ M{p), where only finitely 
many summands are nonzero. Each M[p) is a projective graded C[5(2, fi'3]-module, compat- 
ibly with the grading on C[(72i5'3]- Thus, by Lemma 1.2.6, each M{p) is a free C[g2,g3]- 
module, and moreover there is a homogeneous C[5'2; fl'3]-basis for M{p). It follows that M 
is free and that there exists a bihomogeneous basis for M. Lifting these to bihomogeneous 
elements of C[g2,g3, zq, . . . , Zr] defines a homomorphism of bigraded €[5(2, (73]-algebras from 
Symq^_^ M (the symmetric algebra on the free C[g2, gsj-io-odule M) to C[g2, gs, zq, Zr], 
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corresponding to a C* x C*-equivariant morphism from Ac to V(T). The arguments of ||^, 
Lemma 4.2.3] show that this morphism is an isomorphism over every point of A^, and hence 
it is an isomorphism. □ 

We have thus hnearized the action of C* x C* on Ag. The first C* acts as a group 
of vector bundle isomorphisms, and hence with various weights, which we know to be 
go, . . . ,gr. The corresponding eigenspaces are subbundles on which the second C* acts via 



a linearization covering the action on the base, and by Lemma 1.2.6 each such may be 
written as a direct sum of linearized line bundles. Since the quotient of As minus the zero 
section by the first C*-action is the weighted projective bundle W'P(G), we have: 

Corollary 4.5.4. Let Z ^ B he a Weierstrass fibration, and let WP{G) B he the 
hundle of weighted projective spaces corresponding to G and to the special root a. Then 
WV{G) is isomorphic to the weighted projective space hundle associated to 

e • • • © 

for some integers di, where C* acts on CT'^^ with weight gi. □ 

To determine the integers di, or equivalently the characters in the linearizations for 
the family As — > £, it is enough to look at the induced action on the fiber of As over 
the unique fixed point of the C*-action. We find a conceptual way to do this in the next 
subsection. Note however that, as in 0, Lemma 4.1.2], there is a canonical isomorphism 
(of (C* X C*)-linearized vector bundles) 

and using this description the linearization can be described directly via a case-by-case 
analysis. 



4.6 The line bundles and the Casimir weights 

We continue to assume that G is not of type E'g. This section has two goals. First, we 
want to determine the integers di above and relate them to the Casimir weights, which we 
shall define below. Second, we shall give a direct proof that the parabolic section defines a 
Kostant-type section in the cuspidal case (without using Looijenga's theorem for a smooth 
curve) . 

We begin with a general remark. Suppose that B is a scheme and that ■ Ci is a direct 
sum of line bundles over B. Let C* act on the total space V(0^ Ci) by acting on each line 
factor Y{Ci) with weight Wi. We can then form the bundle of weighted projective spaces 
WP(0./:i)- Let M be a line bundle on B. Let C* act on V(0.(/:i O M"'')), again by 
acting on Y{Ci M"'') with weight Wi. Clearly this does not change WP(0j£j). More 
generally, if all of the Wi are divisible by some integer n, we can make the same construction 
with 0j(>Ci ® M*"'/") and we will not change the corresponding weighted projective space 
bundle. A similar construction holds if is a scheme with a C*-action, the Ci are linearized 
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bundles which are trivial as line bundles, and similarly for M. We will refer to the bundle 
® M""'/") as the weighted tensor product of the bundle 0j >Cj by the line bundle 

We now specialize to i? = A^, together with the C*-action defined by fj, ■ (92,93) = 
(^^521 /"^S's)) and to the case of linearized bundles. We can further restrict the discussion 
above to the fiber over the origin, corresponding to a cuspidal curve C. Let Cq denote the 



representation (C,xi)- Using the linearization of Proposition 4.5.3 , A*""*"^ = {A£)q, and by 



Lemma 1.2.7 this can be written as a direct sum of lines ©[=o'^o'- Here (i^, /u) € C* x C* 
acts on >Cq* as jy""'?*^'^'. We denote the action of (1, fi) on p G A^^^ by /u - p. Each point of 
A'~+^ corresponds to a pair (Cp,^), where is a G-bundle. Let C = Cp G. Purely in 
terms of G-bundles, the //-action sends ^ to fi*^, where /x: C — >■ C is the automorphism of 



C given by the action of G C* given in Definition |1.1.2| . The action of u is solely on </?, 
and so leaves the isomorphism class of ^ unchanged. 

Let A^ = H^{C;U{L*fio)). We can also linearize the (C* x C*)-action on A^. The 
morphism vr: A**"*"^ — > A^ defined by the normalization map is then a (C* x C*)-equivariant 
morphism. Note that the first factor acts with weight n^, so that we may assume that 
acts on A^ as Thus A^ ^ C^^ 

Fix X G A^ — {0} and let A'' be the affine subspace it^^{x). Multiplication by fj, does not 
preserve this subspace. However, if we consider the weighted tensor product A^"*"^ ^0°^° ' 
then TT defines an equivariant morphism from this space to the one-dimensional vector space 
with trivial C*-action, and A** is invariant under this C*-action. Another way to view this 
weighted tensor product is as follows: given n, choose v C* such that v"'" = . Then 
acts on A*""^^ via the action of {u, //) G C* x C*. 

In Definition 4.3.7, we have defined a morphism a from the affine space A** to 0^^°^, 



the parabolic section. It is well-defined up to the adjoint action of an element of G. The 
adjoint quotient of g is ^/W, and hence there is a well-defined morphism A** — >■ ^/W. The 
linear action of C* on f) and on q induces an action of C* on i)/W. The weights of this 
action are given as follows. By Chevalley's theorem, (Sym* t)*)^ is a polynomial algebra 
with homogeneous generators of degrees di, . . . ,dr, where the di are the Casimir weights. 
In other words, there is a linear structure on i)/W for which C* acts with the weights di. 
With this said, we have the following: 

Theorem 4.6.1. The morphism a induces an isomorphism a: A'' ^/W with the prop- 
erty thata{fi-x) = fi~^a{x). Thus the C* -action on A*" is linearizable, with negative weights 
—di, . . . , —dr. 

Proof. We first show the C*-equivariance. Let x G A'' and let ^ be the corresponding 
G-bundle. Choose a trivialization r of t*^ and let X G g be the element associated to the 
pair (^,t) by Theorem |3.1.l| . Then W{x) = [X], the class of X in the adjoint quotient of 
0. To calculate ■ x), by the above remarks, choose G C* such that u"'" = /i~"o and 
consider the corresponding bundle (z/, /i) • ^. As an abstract G-bundle, this is isomorphic to 
fi*^, and hence corresponds by Corollary 3.1.2| under the pullback of the trivialization r to 



fi-^X. Thus a{n ■ x) = [fi-^X] = n-^[X] = n-^a{x). 
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It thus suffices to sliow tliat tlie morphism cr: — > i)/W is an isomorphism. First we 
claim: 

Lemma 4.6.2. The differential of a is an isomorphism at every point. 



Proof. By Corollary 4.1.5, the Kodaira-Spencer homomorphism induced from the univer- 
sal bundle over C x A*" is an isomorphism. Given a G-bundle corresponding to a point x of 
A^, let X G Q^'^^ be the corresponding regular element of g. It is easy to check (cf. the proof 
of Theorem pTTI) that H^{C\ ad^) = Ker(adX) and that the differential of ct: A*" ^ g at 
X identifies the tangent space to A*" at x with Ker(adX) C g. On the other hand, by a 



result of Kostant |13], since X is regular, the differential of the adjoint quotient morphism 
g — > ^/W is surjective at X and thus induces an isomorphism from Ker adX to the tangent 
space to \]/W at the image of X. Combining these two results, we see that the differential 
of a is an isomorphism. □ 



The theorem then follows from the more general lemma: 

Lemma 4.6.3. Suppose that /: A*" ^ C" is a C* -equivariant morphism, where C* acts 
linearly on C with strictly negative weights. If the differential of f is everywhere an iso- 
morphism, then f is an isomorphism. 



Proof. Directly via a topological argument, or by a theorem of Bialynicki-Birula [^, 
there is a fixed point xq for the action of C* on A**, and /(xq) = 0. Since the fibers of / 
are finite, there are only finitely many fixed points, say xq, . . . , X]\f. There exists a classical 
neighborhood [/ of G C" such that, for all u G C/ and t G C*, [t[ > 1, tn G f7 and moreover 
such that f~^{U) = ]Jj Ui, a disjoint union of open sets Ui in A^' such that Xi G Ui. Clearly, 
ii V € Ui, then tv G Ui for all t G C*, \t\ > 1, and limj_joo tv = Xi. It follows that 

C* • f/j = G A*" : lim tv = xj 

t^oo 

and that A** is the disjoint union of the open sets C* -Ui. By connectedness, there is a unique 
fixed point xq and every C*-orbit contains it in its closure. A standard argument (cf. the 
proof of 10, Lemma 4.2.3]) then shows that / is a bijection, and hence an isomorphism. □ 



Remark 4.6.4. One can show quite explicitly that, for appropriate choices, the inverse of 
the morphism A*" — > i)/W, composed with a: A*" — > g''*'^, can be identified with the Kostant 
section constructed in llTsi. 



As a corollary of Theorem 4.6.1 , we have the corresponding result for the moduli stack: 

Corollary 4.6.5. Suppose that G is not of type Eg. Let Z ^ B he a Weierstrass fihration, 
and let W'P(G) B he the hundle of weighted projective spaces corresponding to G and 
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to a special root a. Then WV{G) is isomorphic to the weighted projective space bundle 
associated to 

Ob®C~'^^ (£>■■■ ® C"'^'' , 

where the di are the Casimir weights of G. Moreover, C* acts on with weight gi for 
some ordering of the simple roots, and C* acts on Ob with weight one. □ 

Of course, the corollary does not determine which gi correspond to which d^. Direct 



computation as in §4.2 shows the following: if the di are arranged in non-decreasing order, 
then so are the g^, except for the case of D^, where the ordering of the ^(j as 1, 1, 1, 1, 2, . . . , 2 
corresponds to the ordering of the di as 0, 2, 4, n, 6, . . . , 2n — 2. 



5 Comparison with other constructions 

Our goal in this section is to compare the family of weighted projective bundles given by 
the parabolic construction with other compactifications of the moduli space of semistable 



G-bundles in families. For example, Wirthmiiller [19| has constructed a compactification 
in case all fibers are smooth or nodal by toric methods. We shall show that, under very 
general circumstances, all such constructions lead to the same family of compactifications. 



5.1 A lemma on bundles of weighted projective spaces 

We begin with some general remarks on weighted projective spaces. Let Wi S Z+ for 
i = 0, . . . , r and let WP be a weighted projective space of type {wq, . . . , Wr), in other words 
the quotient of C''+^ - by C* acting via A ■ (zq, • • • , -^r) = (A""'zo, . . . , X^^'Zr). We assume 
that the gcd wq, . . . ,Wr is one. For every n 7^, there is the torsion free, reflexive 
coherent sheaf Owwin-), whose global sections are weighted homogeneous polynomials on 
(j^r+i q£ (jggj-gg Moreover, every effective Weil divisor on WP is the zero locus of a 
weighted homogeneous polynomial. However, the sheaves Oi^p{n) can behave in a rather 
complicated way. For example, if r = 1 so that WP = P"^, and wq and wi are relatively 
prime, O^p{wo) = Owp(^^i) — C'pi whereas O^^vuqWi) = C'pi(l). Hence the map n G 
Z I— >• C'wp('T-) from Z to the class group of Weil divisors on WP need not be injective, nor a 
homomorphism. As a consequence, not every automorphism of WP need be induced from a 
graded automorphism of the graded ring C[2:o, . . . clear from the above example. 

On the other hand, suppose that the singular locus of WP, in the sense of orbifolds, 
has codimension at least two, in other words that there is no prime which divides r of the 
positive integers Wi. Let WPreg be the regular locus of WP. Then since WP is normal 
and WP — WPreg has codimension at least two in WP, a Weil divisor is determined by its 
restriction to WPreg- It follows that the map n € Z i— > Oi/iff{n) from Z to the class group of 
Weil divisors on WP is an isomorphism of groups, and that moreover the class group is also 
isomorphic to Pic (WPreg) via the restriction map. In this case, if / is an automorphism 
of WP, then f*0^{k) = Owp(^) for every G Z, and hence / is induced from a graded 
automorphism of C[zq, . . . , Zr]. 
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For B a connected complex space or scheme, we define a Ebration of weighted projective 
spaces over B of type {wq^ . . . ,Wr) to consist of a complex space P and a morphism p: P — > 
B such that there exists an open cover {Oj} of B and isomorphisms (of spaces over Qj) 
p~^{Qi) — > WP X Qi, where WP is a weighted projective space of type {wq, . . . ,Wr). 

Theorem 5.1.1. Let B be a smooth scheme and letpi : Pi ^ B he two fibrations of weighted 
projective spaces over B of type {wq, . . . ,Wr)- Assume that no prime divides r of the positive 
integers wq, . . . ,Wr. Suppose that there exists a Zariski open and dense set U C. P\ and a 
holomorphic map f : U ^ P2 of spaces over B such that 

(i) U contains an open set of the form p^^ (V) , where V is a Zariski dense subset of B; 

(ii) U has nonempty intersection with every fiber; 

(iii) / restricts to an isomorphism from p'^^ {V) top^^(F). 

(iv) For all b E B, f(U np]~^(6)) is not contained in a proper subvariety o/p^^(6). 

Then f extends to a holomorphic isomorphism of fibrations of weighted projective spaces 
over B. 

Proof. The hypotheses imply that Pi and P2 are normal, that codim(Pi — [/) > 2, and 
that the orbifold singular locus of WP has codimension at least two. Moreover, the question 
is local around b €z B, and thus we may assume that B = SpecR is afiine and that both Pi 
and P2 are products WP x B. Thus Pi = P2 = Proj R[sq, . . . , Sr], where the weight of Sj 
is Wi, and we may assume that the Wi are arranged in nondecreasing order. 

For each i, f*Si is a section of Op^{wi) TT2Mi\U , where Mi is a line bundle over B. 
After further shrinking B, we may assume that Afj is trivial. Since Op-^{wi) is reflexive, 
f*Si extends to a global holomorphic section of Op^{w-i). Clearly, to prove the theorem, 
it suffices to prove that, for all b G B, the sections (/*Si)6 generate the ring C[so, . . . , s^]. 
Order the Sj so that sq, ■ ■ ■ , Sao have weight wq, Sa^+i, . . . , Sai have the next highest weight 
Wi-^ , and so on. It will suffice to prove that, for all j, /*Saj_i+i, • • • , f*Saj span the space of 
all homogeneous polynomials of weight Wi . modulo those which arc polynomials in variables 
of smaller weight. It is enough to prove that f*Saj_^+i, ■ ■ ■ , f*Saj are linearly independent 
modulo polynomials in variables of smaller weight. The proof is by induction on the weight 
Wi^ , and we can begin the induction at weight 0, i.e. for the constants, where the result is 
clear. Suppose that there is a relation 

XI ^kf*Saj-i+k + P{S0, . . . , Sa,_i) = 0, 

k 

where the Aj are not all and P is homogeneous of weight Wi-. Then by the inductive 
hypothesis we can write P{so, . . . , Saj_i) = f*Q{so, ■ ■ ■ , Soj-i) for some homogeneous poly- 
nomial Q. It then follows that /, which is defined on U maps the open dense subset 
Ufy = Pi^{b) n U onto the proper subvariety of the weighted projective space P2^{b) defined 
by Z^fe ^kSaj-i+k + Qiso, Saj-i) = 0. This contradicts Condition (iv). □ 
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5.2 Wirthmiiller's construction 



We briefly review the construction of Wirthmiiller |1£]. Let F be a torsion free subgroup 
of finite index in 5^2 (Z). Let ^ denote the upper half plane and let Bq = S^/T be the 
corresponding affine curve, with Bq the universal elliptic curve over Bq. KB is the 

projective completion of Bq, then there is a fibration of Weierstrass cubics vr: fr B, 
whose singular fibers are nodal. Let (fr)reg — -B be the restriction of this fibration to 
the smooth locus of vr, so that (fr)reg is a group scheme over B. The construction of [^] 
is a toroidal compactification of the fibration 21*^ = £'p ® A — > i3o to a fibration 21 — > 5. 



Unwinding the definitions of [19|, one checks that 21 contains (fr)reg<^A as a dense open set, 
and in fact the fibers of 21 over the cusps are toric compactifications of the corresponding 
fibers of (i?r)reg ® A, which are algebraic tori C* A. The action of on 21*^ = <5p A 
defined by the action of on A extends to an action of W on 21. 
Wirthmiiller then proves: 

Theorem 5.2.1. Suppose that G is not of type Eq. Then the fibration 21/VF B is a 
fibration of weighted projective spaces of type (^q, • • • , 9r)- D 

In light of Theorem |5.1.l| , we then have: 

Theorem 5.2.2. Suppose that G is not of type Eg, and let VVV^G) B be the fibration 
of weighted projective spaces associated to the fibration £r ^ B and the group G. Then the 
inclusions o/ ((£^r)reg ® A)/11^ in WV{G) and in %/W extend to define an isomorphism of 
fibrations of weighted projective spaces. □ 

Even in the case of Eg, the parabolic construction gives an extension of 21*^/^^ to a 
fibration of weighted projective spaces over B. Thus it is likely that 2t/VF is also a fibration 
of weighted projective spaces over B. If so, then Theorem |5.1.1j would imply that it is 
the same as the fibration given by the parabolic construction. However, 2t/VF is not the 
fibration of weighted projective spaces associated to 0j C^^ as is required by the method 
of proof of 1 19]. 



6 Inclusions of subgroups 

In this section, we analyze the relation between the parabolic construction for a group G 
and for certain subgroups G' . The prototype for this question is the inclusion of 5'L„_i(C) 



in SLn{C), and the problem, which was studied in |11], is that, if ^ is a regular semistable 
vector bundle of rank n — 1 and trivial determinant over G, then V © Oc is not always 
regular. We generalize the study of this problem to a wide variety of inclusions G' C G. One 
application, to be given in the next section, is to the characterization of G-bundles arising 
from the parabolic construction and representations p: G — > GLjv(C) such that the vector 
bundle ^ is unstable. Very related methods give a rigidification of the construction 

for G of type £^8 and C a cuspidal curve, allowing us to construct a 9-dimensional weighted 
projective space together with an action of a one-dimensional unipotent group. Inside the 
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9-dimensional weighted projective space, there is a 9-dimensional affine space corresponding 
to bundles which become trivial on C, and the group action on this affine space has an 
8-dimensional affine slice which plays the role of the Kostant section. 

6.1 Statement of the main theorem 

For the moment, we consider the case where X is allowed to be an arbitrary scheme or 
analytic space. 

Theorem 6.1.1. Suppose that the algebraic group P is a semidirect product L tK U , where 
U is a normal unipotent subgroup of P. Let U' be a subgroup ofU and let Q be a subgroup 
of L. Suppose that U' is invariant under the conjugation action of Q, and that this action 
factors through a surjection r: Q ^ Q with kernel N. Let rj be an L-bundle over X, and 
suppose that there is a fixed reduction of the structure group of rj to Q, i.e. an isomorphism 

VqXqL^ rj, 

where rjq is a Q-bundle. Let r/g = r^rjQ. Then: 

(i) As sheaves of unipotent groups over X, U'{rjQ) = U'lrfg), and thus H^{X;U' {riq)) = 
H^[X;U' {rfo)), where this isomorphism is equivariant with respect to the action of 
Autgr/g; 

(ii) There is a natural inclusion of sheaves of unipotent groups U'{r]Q) C U{r]), and hence 
there is an AuIq r]Q-equivariant function {X ; U' (tjq)) {X ; U (rj)) . Moreover, 
if ^' is the QU' -bundle corresponding to a class in H^{X; U'{rjQ)) and ^ is the QU' - 
bundle corresponding to its image in H^(X; U'{rjQ)), then ^/N = ^' ; 

(iii) Suppose that r] satisfies the hypotheses of |0, Theorem A. 2. 2] with respect to the fil- 
tration {Ui} and that either dimX = 1 or the vector group {U' fl Ui)/{U' H ?7i+i) 
is a direct summand ofUi/Ui+i for every i. Then rjq and tJq satisfy these hypothe- 
ses with respect to {W fl Ui}, so that the functors corresponding to H^{X]U' {rjq)) 
and H^{X;U' {tjq)) are isomorphic and representable by affine spaces. Moreover the 
functions H^{X;U' {t^q)) ^ H^{X-U'{r^)) and H^{X;U'{r]Q)) H^{X;U{r])) cor- 
respond to morphisms of functors which are represented by morphisms of affine spaces, 
equivariant with respect to the action of Autg rjq . 

Proof. Part (i) follows from the isomorphism VQ ^qU' — rfQXgU' (cf. 0, Lemma A. 1.4]). 
The inclusion of Part (ii) is induced from the inclusion U'{r]Q) = r]Q x q U' Q r]Q x q U and 
the isomorphism 

U{tiq)=VQ ^qU = ivQ ^qL) xlU = U{7]), 

and the second statement in (ii) is clear. The first statement in Part (iii) follows since it 
is easy to check that the represent ability conditions of [0, Theorem A. 2. 2] are satisfied. It 
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remains to see that the given functions are represented by morphisms of affine spaces. It 
suffices to exhibit morphisms of the corresponding functors. To do so, for example for the 
case of the function H^{X; U'{r]Q)) —>■ H^{X; U{r])), suppose that S is an affine scheme and 
that (^', (^') is a pair consisting of a Q [/'-bundle ^' and an isomorphism 93' : /U' t^Ivq- 
Define £, = £,' y-QU' LU and let (p: ^/U — > be the isomorphism given by the composition 
of the canonical isomorphisms 

ilU = i' ^QU'L^ii'/U') xqL 

with the isomorphism if' and the fixed identification of r]QXQLU with rj. The map , ip') 
if) is then the required morphism of functors. □ 

We note the following, whose proof is standard and left to the reader: 



Proposition 6.1.2. Under the hypotheses of Theorem 6.1.1 , suppose that U' is a nor- 
mal subgroup of U and that H^{X; {U/U'){r]Q)) = 0. Then the group H^{X; {U/U'){r]Q)) 
acts on H^{X;U' {rjQ)) and the quotient of this action is {X ; U (ijq)) = {X ; U (rj)) . 
If r]Q and U' satisfy the conditions of Theorem A. 2. 2], then H^{X; {U /U'){riQ)) acts 
as a unipotent algebraic group on the affine space representing the functor corresponding 
to H^{X;U'{r]Q)). Finally, if rj also satisfies the conditions of Theorem A. 2. 2], then 
the affine space corresponding to H^{X;U{r])) is a geometric quotient for the action of 
H\X- {U/U'){r,Q)) on H\X- U'{vq)). □ 

In many cases of interest to us, the homomorphism r: Q ^ Q will be a split surjection, 
i.e. there is a homomorphism i: Q ^ Q such that r o i = ld. We identify Q with its image 
in Q. Via the isomorphism H^{X-U' {t^q)) ^ //^(X; [/'(r/^)), elements of H^{X;U' {r]Q)), 

which define QC/'-bundles ^qu', also define QC/'-bundles £,qjji- Their images in H^{X; U (rj)) 
define Lf/-bundles ^qu' Xqjji LU . However, the bundle £,qui Xqu' LU is not in general 
isomorphic to the bundle ^qjj' • Iiistead, we have the following criterion for when 
the bundles E,qu' ^qu' L'U and ^q^, Xqjj, LU are S-equivalent in a generalized sense. 

Proposition 6.1.3. Suppose that there is a homomorphism i: Q ^ Q such that roi = Id, 
and that there exists a subgroup of Q isomorphic to C* with the following property: C* 
acts trivially on U' and the conjugation action ip: Q x C* ^ Q extends to a morphism 
Tp: Q X C ^ Q such that tp{q,0) = i o r{q). Let ^qu' be a QU' -bundle corresponding to 
an element of H^{X; U'{r]Q)) and let ^qjj/ = S,QU' ^QU' QU' . Then there is an QU' -bundle 
E ^ X X C such that, for t ^ 0, Et = r]X x {t} = ^qjji and such that Hq = Cq^/ ^qu' Q^' ■ 

Proof. Suppose that {Oj} is an open cover of X and that S^qui is defined by the cocycle 
qijUij, where qij: Jlj — > Q and Uij: fi^ fl i}j U' are morphisms. Define H by the 
cocycles 'ip{qij,t)uij. Since t G C* acts trivially on mj, tp{qij,t)uij = t{qijUij)t~^ for t ^ 0. 
It follows that the il){qij,t)uij are indeed cocycles, that = H|X x {t} = ^qiji for t 7^ 0, 
and that Hq = ^g^/ Xqj// QU' . □ 
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One circumstance where we can verify the hypotheses of Proposition 6.1.3 is the follow- 
ing: 



Proposition 6.1.4. With the above notation, let N = Kerr, and letLie{Q) = q, Lie(C/') = 
u', Lie(iV) = n. Suppose that N is unipotent and that, as in Proposition 6.1.% there is a 



homomorphism i: Q ^ Q such that r o i = Id, with Lie{Q) = q, which we identify via i 
with a subalgebra of c\, and that there exists a subgroup of Q isomorphic to C* which acts 
trivially on q and on u' and with positive weights on n. Then: 

(i) The conjugation action ip: Q x C* ^ Q extends to a morphism ip: Q x C ^ Q such 
that tp{q,0) = i o r{q) . 

(ii) If p: QU' GL{V) is a finite- dimensional representation, then there is a filtration 
on the vector bundle S,qu' ^QU' ^ whose associated graded is isomorphic to the vector 
bundle Cqjj, Xqjj,V. 

(iii) Suppose that QU' is contained in an algebraic group G, that G' is an algebraic subgroup 
of G containing QU' , and that the inclusion i: Q ^ Q is induced from the inclusion 
of G' in G. Suppose further that the subgroup C* of Q centralizes G' , and that 
p: QU' GL{V) is a finite- dimensional representation which is the restriction of 
a representation of G. Then the filtration defined in (ii) has the property that its 
associated graded is isomorphic to the vector bundle {iqiji ^qu' ^G' ^ ■ 



Proof. To see (i), note that as varieties with a C*-action, Q = QxN = Qxn via 
the exponential map, where the C*-action is trivial on the first factor. Since C* acts with 
positive weights on n, the conjugation function ip: Q x C* ^ Q defined by ^p{q,t) = tqt~^ 
extends to a morphism ^p■. Q x C ^ Q such that ^p{q,0) = i o r{q). To see (ii), let Vi 
be the subspace of V where C* acts via p with weight i. Thus, there is a direct sum 
decomposition V = Vi, and this direct sum decomposition is preserved by QU' since C* 
acts trivially on q and on u'. On the other hand, since C* acts with positive weights on n, 
NVi C 0^.^. Vj. The filtration of V defined by F' = 0^.>. Vj is preserved by QU' = QNU', 

and the action on the associated graded factors through the action of QU' on V. Part (ii) 
then follows. Finally, under the hypotheses of (iii), the Vi are G'-invariant subspaces, and 
thus the associated gradeds come from representations of G'. □ 



6.2 Parabolic induction 

In this section, we shall use the above results to relate G'-bundles to G-bundles, where G' 
is a semisimple subgroup of G whose Dynkin diagram is obtained by deleting one end of 
the Dynkin diagram of G. A key ingredient in the construction is the fact that the bundle 
r/o reduces to a Borel subgroup of L. 

We begin by introducing some notation. If 7 € A and (3 G R, let c-y(/3) be the coefficient 
of 7 in the expression of /? as a sum of simple roots, i.e. c^(/3) = /3(tu}f). As usual, let a 
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be the special root. Now choose a simple root a such that (q;,Q!i) ^ 0, i.e. the vertex 
of the Dynkin diagram corresponding to a\ is adjacent to the vertex corresponding to a. 
Let n(a,Q;i) = 2(q;, ai)/(Q;i, ai) be the Cartan integer, and let m = — n(a,ai) > 0. Thus, 
if we normalize the inner product so that (a, a) = 2, then (a, ai) = —1, (Qi,ai) = 2/m, 
and u = a + mai is a long root. Suppose that ai, . . . , are the simple roots such that 
{ai, . . . ,ak} is the set of vertices of a connected component of the Dynkin diagram of 
A — {a} and such that (oj, aj+i) ^ 0. 

Let R' be the set of all roots /? such that mCa{P) = Cai (/?). Clearly, R' is a root system 
in a hyperplanc in the real span of R, and A' = (A — {a, ai})yj {v = a + mai\ is a set of 
simple roots for R' . Let f)' C f) be the complex span of the corresponding coroots. Then 

is a semisimple subalgebra of 0. Let G' be the corresponding subgroup of G, and denote 
by i : G' ^ G the inclusion. It is easy to see that G' is again simple and simply connected, 
and that the Dynkin diagram for G' is obtained from that of G by replacing a, ai and the 
edge connecting them by a single long root v = a + mai , with u"^ = + . Note that 
n(7, v) = n(7, a) for 7 G A — {a, ai, 02} and n{a2,i') = —m. Hence is a special root for 
A'. The Dynkin diagram for A' is the same as that for A — {a^}. In fact: 

Lemma 6.2.1. There exists a w e W such that wA' = A — {ak} C A. Thus, if we let 
G" be the standard simple subgroup of G corresponding to A — {ak}, there is a g E G 
normalizing H which conjugates G' onto G" . 

Proof. Let € W he the reflection corresponding to the simple root a^, and let 
w = ra^,°rai^_i°- ■ -orai ■ Then it is straightforward to check that w{ak) = ctfe-i, • • • , w{ci2) = 
ai,w{i') = a, and w{P) = j3 for /3 G A — {a, ai, . . . , a^}. Thus is as required. □ 

In the simply laced case, the next lemma says that, for every positive root /3, the 
coefficients of (3 expressed as a linear combination of the simple roots decrease along each 
arm of the Dynkin diagram. 

Lemma 6.2.2. In the above notation, suppose that P is a positive root and that Ca{P) > 0. 
Then mca{l3) > Cai{P)- Moreover, for all i,l < i < k — 1, CaiiP) > Ca^_^_l{(3). 

Proof. Let Ai = A — {a, ai, . . . , ak}- Write (3 = ta + ^^ ^jO!j+X^7eAi "^77- "^^^ statement 
of the lemma is that mt > ti > t2 > • • • > ife. The proof is by induction on the length 
t + U + X^-y s-y of p. If the length is one, then (3 = a and the lemma is clear. Thus we 
may assume that /3 = /?' + 7 for some 7 G A and f3' G R. If Ca{(3') = 0, then 7 = 0. In 
this case, since A — {a} is a union of diagrams of type A, (3' is a sum of simple roots and 
there exists an 1 < ^ < /c, such that = 1 for i < £ and — for i > I. The lemma is 
clearly true in this case. Thus we may assume that Ca{(3') > 0, so that by the inductive 
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hypothesis (3' = t'a + t'^Oi + J2yeAi ^'-y^ with mt' > t[ > - ■ ■ . If 7 7^ q,, then t'^ = ti 
and t > t' and the inductive step holds. If 7 = ai, then ti = t'^ — 1, ti = t[ for i > 1, and 
t = t'. Since /?' + ai is a root, n(/3',ai) < 0. If n{f3',ai) < 0, then 

-1 > + 2t[ -1'^ = (t; - mt') + {t[ - t^) = ti - 1 - mt + (t; - t'2). 

(ai,ai) 

Since t'l — 12 — 0) '^6 must have ti < mt, which is the statement of the lemma in this case. If 
n{P' , ai) = 0, then /? — ai is also a root, and so by the inductive hypothesis {t'l — 1) — 12 > 0, 
and a similar argument shows that ti < mt. A similar but simpler argument handles the 
case where 7 = Qj for some i > 1. □ 

Let P = LU be the maximal parabolic subgroup associated to a, with Levi factor L and 
unipotent radical U. Recall that u = Lie(J7) = ©c<:<(/3)>0 0^- Q Borel subgroup 

of L with 

q = Lie(Q) = f) g". 

c„(/3)=0,/3>0 

Define the subgroup U' of U as follows: U' is the connected unipotent subgroup of U 
such that 

u' = Lie(C/') = 0^. 

mca{l3)=cc,-i^{l3)>0 

Let be the unipotent subgroup of Q such that 

n = Lie(iV)= /. 

c^{/3)=0,Cc,i(/3)>0 

Lemma 6.2.3. We have [q,u'] C u'. Moreover, if Ca{f3) = and Ca^{(3) > 0, then [0^,u'] = 
0. Thus [n, u'] = 0, and n is normal in q. 



Proof. The proof is immediate from Lemma 6.2.2. □ 



Corollary 6.2.4. Conjugation by Q leaves the subgroup U' invariant. Moreover, the nor- 
mal subgroup N of Q acts trivially on U' . Thus N is a normal subgroup of QU' . □ 

Let P' = {P'Y be the standard maximal parabolic subgroup of G' corresponding to the 
simple root v. Then the group U' is the unipotent radical of P' . Let L'f"'"^^ = -^>A-{a,ai} 
be the closed connected subgroup of G whose Lie algebra is 

Lie(L^°'"i>) = I) e S'^. 

Cc.(/3)=Cc«i(/3)=0 
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There is a Levi factor L' of P' whose Lie algebra is given by 



Lie(L') = f)'e 

/3eR',c[,(/3)=0 

where the coefficient c'j^(/3) refers to writing /? as a sum of elements of A'. Hence there is a 
finite group F such that = V XpC*. Here Lie(C*) C f) is the kernel of all simple 

roots except for a and ai, as well as the root and a nonzero element of this Lie algebra 
is given by —mnj'^ + ro^^ . The group C* thus acts trivially on U' and with positive weights 
on n, and centralizes G' . 

Quite concretely, L is the subgroup of W^i^iGLn^iC), where the first factor GL„^(C) 
corresponds to the simple roots ai, . . . , € A, consisting of all tuples {Ai, . . . , At) such 
that det Ai = ■ ■ ■ = det A^. Then L^"'"i^ is the subgroup of L of all such tuples where 



A, 



A 
A'J ■ 



In particular, the corresponding roots for the first factor are 0:2, . . . , a^. On the other hand, 

L' is the subgroup of GL„^„i(C) x Y\l=2 GLmiC) consisting of all tuples {A'l, . . . , At) such 
that det = . . . = det A^. Given an upper triangular rii x rii matrix, wc can map it to 
the lower right hand block of size (ni — 1) x (ni — 1), and this is a homomorphism onto the 
group of upper triangular matrices in GL„j_i(C). 
Returning to the general theory, we have 

q/n = f) ® 0^. 

Ca(/3)=Cai{/9)=0,/3>0 

Thus 

Lemma 6.2.5. There is a surjection r from Q to a Borel subgroup Q of L^"'"^^ = L' x pC* , 
which identifies Q with Q/N. Moreover, if i: Q ^ Q is induced by the inclusion i: G' ^ G, 
then r o i = Id. Conjugation by the above C* in the center of L^°'''^^^ acts trivially on G' , 
normalizes N , and acts with positive weights on n. □ 

An L-bundle 77 consists of t vector bundles Vi of rank n^, such that det Vi = • ■ ■ = det Vf. 

An L''^"'°iJ'-bundle consists of a line bundle A, a vector bundle Vl of rank ni — 1, and 
bundles V2, ■ ■ ■ ,Vt of rank rij such that A (g) det V( = det V2 = • ■ ■ = det Vf. An L'-bundle 
consists of a vector bundle V( of rank ni — 1, and bundles V2, ■ ■ ■ ,Vt of rank such that 
det VI = detV2 = ■ ■ ■ = det Vf. 

Let ?7q be the unique stable L'-bundlc of determinant Oc{—Pq)- Because of the inductive 
construction of via the exact sequence 

we see: 
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Lemma 6.2.6. There is a holomorphic reduction of structure rjq of r]Q to a Q-bundle so 
that r^,rjQ lifts to rj^. □ 

By Theorem |6.1.1| , we have: 

Corollary 6.2.7. Let notation be as above. Then there is a C* -equivariant function from 
H^{C;U'{r]Q)) to H^{C;U{r]Q)), and a C* -equivariant isomorphism from H^{C;U'{7]q)) 
to H^{C;U'{7]'q)). Except in the case where C is cuspidal and G = Eg, the cohomology 
sets are represented by affine spaces and the functions between them are represented by 
C* -equivariant morphisms. □ 

In the statement of the above corollary, one has to be a little careful about what is 
meant by the C*-actions, because the centers of L and L' do not correspond to the same 
subgroup of Q. Instead, there is a homomorphism from Zi x Z2 into the center of L'i^"'"^^, 
where Zi = C* is the identity component of the center of L and the Z2 — C* is the 
identity component of the center of L'. The first C* factor acts on H^{C; (u')''{r]Q)) and 

{C ; u'' (rjo)) via kua and the second acts on H^{C; {u')^{r]Q)) and -H'^(C; (u')^(r?o)) via 
kn'^, where n'^ = Uy, and these weights cannot agree unless = riy. The point is that 
there is a third C* in ^(L^"'"!}) such that L{°'"i> ^ L' Xp C*, and this C* acts trivially 
on U' . Thus, there is a positive integer n such that, for all t G Zi, t"' = sfj, where s G Z2 
and n acts trivially on U', and in this way we can line up the two different C*-actions up 
to a positive multiple. 

Applying Proposition |6.1.3| , and Proposition 3.1.4 in this situation gives: 



Lemma 6.2.8. Let x E H^[C;U'{7]q)), and let ^ be the G-bundle corresponding to the 
image of x in H^(C]U{r]Q)). Let S,' be the G' -bundle corresponding to the image of x in 
H^{G]U'{r]'Q)). Then there is a G-bundle ^ GxC such that, fort ^ 0, = E\Gx{t} = ^ 
and such that Hq — Xq/G. Moreover, if p: G is a representation ofG, then there is 

a filtration on the vector bundle ^x^C^ whose associated graded is isomorphic to ^'x^/C^, 
where G' acts on via p\G' . □ 

If G is smooth, the above lemma says that the semistable and regular G-bundle ^ is 
S-equivalent to the semistable, but not necessarily regular, G-bundle ^' Xqi G. In other 
words, the morphism of affine spaces H^{C; f/'(??o)) H^{G; U{r]o)) defined by the previous 
corollary induces a corresponding map on weighted projective spaces WP(G') WP(G), 
which via Looijenga's theorem is the same as the natural morphism A4(G') 7W(G) 
of moduli spaces. Of course, this morphism is also induced from the obvious morphism 
{G^A')/W' {G®A)/W, and in particular it is finite. However, this finite morphism need 
not be injective. A similar picture holds in the singular case on the open set WP(G) — £)oo — 
(Greg® A)/VF. 

We now show that, even when G is singular, for most pairs of groups, the function 
H^{G;U' {rj'o)) H^{G]U{r]Q)) induces a morphism on the level of weighted projective 
spaces, if this is meaningful: 
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Proposition 6.2.9. Suppose that G is not of type of type E^, and that the pair (G' , G) is 
not of type {Dq,Ej). If x & H^{G;U' {riq)) — {0}, then the image of x in H^{G;U{r]Q)) is 
nonzero. 



Proof. We will deal with the case where {G', G) is of type {Eq, Ej) in via the link with 
del Pezzo surfaces; the argument will also handle the case where (G', G) is of type {D^,Eq) 
or {A4,D^). Here we will consider the case where {G',G) = {Spin{2n — 2), Spin{2n)) and 
n > 4. The other classical cases or {G',G) of type {Ai,G2) are similar and for the most 
part easier. The case where G is of type Eq or F4 involves a detailed analysis of the cubic 
form on the corresponding 27 or 26-dimensional representation but is otherwise similar, 
and the case of (Agj-Ey) can also be handled by these methods. 

Consider the standard representation of Spin{2n). The vector bundle V associated 
to a S'pin(2?7-)-bundle ^ arising from the parabolic construction has a quadratic form and 
a filtration F_i C Fq C Fi = 1/ such that F_i ^ VF^_2, ^-i = Fq, and Fo/F_i ^ 
Hom{W2, W2) with its standard quadratic form. The bundle ^ = r]QXLG if and only if this 
filtration is split compatibly with the quadratic form, i.e. V = W^_2 © Hom{W2,W2) © 
Wn-2, where W^_2 and Wn-2 are isotropic and both are orthogonal to Hom(W2,W2)- 

If ^ arises via parabolic induction from a Spin[2n — 2)-bundle then there is a second 
filtration G_i C Go C Gi = F with G_i ^ Oc, G^^ = Go, and Go/G_i = V , where V is 
an SO{2n — 2)-bundle associated to ^' . Furthermore, G_i C V projects to Fi/Fq to give 
the natural inclusion of Oc — > Wn-2- Thus, the filtration 

F-i n Go c Fo n Go c Go/G_i 

is the parabolic filtration of Now suppose that ^ is given by G H^{C; f/(??o)) so that 
V = W^_2 © Hom{W2,W2) © Wn-2 compatibly with the quadratic form. The image of 
G_i in the W^_2 factor is trivial by stability. Hence G_i is contained in the sum of the 
last two factors and the restriction of the quadratic form of V to G_i is the same as the 
restriction of the quadratic form to the projection of G_i into Hom{W2, W2)- But there is 
up to scale a unique map of Oc to Hom{W2, W2), and the quadratic form on the image of 
any nonzero map is nontrivial. Since the restriction of the quadratic form to G_i is trivial, 
it follows that the projection of G_i to Hom(W2,W2) is zero, and hence G-i is contained 
in the last factor Wn-2 of the direct sum decomposition of V. It then follows that the 
filtration of V' induced as above is also split and hence that the parabolic bundle ^' is given 
hyOeH^{G;U'{7iQ)). □ 



Remark 6.2.10. (1) It is reasonable to expect that more complicated arguments will ex- 
tend Proposition 6.2.9| to the remaining cases of parabolic induction, and that there is in 
fact a unified proof. The cases listed above will cover all of the applications in the next 
section. 

(2) Similar arguments work in the case of a family Z ^ B 01 the linearized case of 
£^ — > A^, except that we must work in various conformal forms of the groups G and G', 
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using the bundle 170, and a somewhat involved argument shows that there is a morphism 
between the corresponding weighted projective bundles. However, we shall not give the 
details here. 

(3) If we iterate the above construction, we obtain an embedding of 5L2(C) in G 
corresponding to the coroot Ai(a)'^. It is easy to see that the corresponding morphism of 
to the weighted projective space corresponding to G is an embedding onto a subprojective 
space in weight one. From this, one can show the following, assuming that G is not of type 
E^: For every identification of the weighted projective bundle over the moduli stack with 
the weighted projective bundle associated to Ob © C"'^'^ © • • • © >C~'^'', the section P(Ob) C 
WP(C'b © C~'^^ © • • • © C~'^'~), which is independent of the choice of the identification, is the 
section corresponding to the S-equivalence class of the trivial bundle, i.e. the image of the 
origin in (Creg (8) A)/W for every fiber C. Of course, over the cusp fibers, this is consistent 
with the discussion of S[4.6|. 



Definition 6.2.11. G' Q G is an inclusion of subgroups as in this section and the 
conclusion of Proposition |6.2.9 holds, let Dq/ C WP(G) be the image of WP(G') via the 



above construction. Clearly, Dq/ is an irreducible hypersurface in WP(G). We say that the 
G-bundles corresponding to points of Dqi are obtained by parabolic induction. 

6.3 The case of ^8 



We turn now to Eg. We will again use Lemma 3.2.6, that there is a holomorphic reduction 
of structure rjQ of rjo to a Q-bundle, where Q is an appropriate Borel subgroup of L. In this 
case, U' will be a normal subgroup of U. In terms of Lie algebras, we have u = ©fc>x 
Moreover, ©^^^ ideal of u, and the quotient is abelian. Thus, any vector subspace 

u' of u containing 0fc>i u*^ is in fact an ideal of u, and the corresponding subgroup U' of 
f7 is a normal unipotent subgroup with abelian quotient. Of course, we also need Q to act 
on U'. In our case, is an L-module. Viewing L as a C*-extension of SL2 x SL3 x SL^, 
we can identify with V2 © © V^, where V2 is the standard representation of SL2 and 
similarly for V3 and V5. The Borel subgroup Q fixes a filtration of V5, and hence it fixes a 
four-dimensional quotient V4 of V5. Thus there is an induced subspace C V^*. We then 
have the subspace V2 © V3* © C ^2 © V3* © V^. Let u' = 0^^^^ u'' © (¥2 © V3* © V^). Thus 
u' is an ideal of u and the quotient u/u' is abelian and isomorphic to V2 © V3*. If U' is the 
corresponding subgroup of U, then U' is normal in U and U/U' = V2 © V3*. 
Let r]Q be the reduction of r/o to Q. There is thus an exact sequence 

1 ^ U'{7]q) ^ Ui7]o) ^ 1^2 © ^ 0. 

Let Uj = 0fc>jU* and let Ui be the corresponding subgroup of U. The filtration {Ui} 
induces a decreasing filtration {U-} of U' . Note that Ui = U- for i >2. 

Proposition 6.3.1. In the above notation, let tt: Z ^ B he a Weierstrass fihration, let 770 
he the L-hundle over Z corresponding to the triple ((W2 © 'n*C'^Y , (W3 © tt* C^Y , (W5 © 
7r*£)^) and let rjQ he the natural reduction of rjQ to a Q-hundle. 
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(i) The group U' , the bundle rjQ, and the filtration {U^} satisfy the hypotheses of 
Theorem A. 2. 2]. 

(ii) The functor corresponding to H^{Z;U'{r]Q)) is representahle by a bundle of affine 
spaces A over B with a C* -action induced by the center of L which is C* -equivariantly 
isomorphic to 

where the summands have -weight 1,2,3,4,5,6 respectively. 

(iii) The unipotent group scheme R°-K^{U/U'){r]Q) over B is isomorphic to the total space 
of the line bundle . The C*-action induced by the center of L is the standard 
linear action on Cr'^ of weight one. 



(iv) The action of the unipotent group scheme of (iii) on A given in Proposition \6.1. 
is C* -equivariant. The differential of this action along the zero-section is given by 
(ciGs, C2G2, 0, 0, 0, 0, 0, 0, 0), where the Ci are nonzero. Away from the cuspidal fibers, 
the bundle of 9 -dimensional affine spaces constructed in Corollary [(.Ll^ is a geometric 
quotient of this action. 

Proof. The vector bundles (C^i isomorphic to u*(r/o) for f > 1 and to 
W2 (S) © for i = l. Thus, the vanishing of H'^{C; {U'jU[^^){riQ)) follows from the 
computations used to prove Theorem |4.1.1| . This proves Part (i). The representabihty 
statement in Part (ii) follows from ||^, Theorem A. 2. 6], and the arguments of 0, Lemma 
4.2.3] show that this affine space is C*-equivariantly isomorphic to R^tt^Vi! [riq). The rest of 
Part (ii) follows by direct computation. 
To see Part (iii), we have 

U/U'{i]q) ^ W2 © vr*£^ © (W3 © TT*C^y © 7r*£-5 = W2 © © 7r*C-^. 

The calculation of ii°7r*(W2 © W^) is given in Lemma [1.2. 1| and the identification of the 



differential of the action follows from the calculation of the coboundary map in Lemma ^4. 2. 5 



Given that i2^7r*(>V2©W3^) = by Lemma 4.2.1, the final statement in (iv) is a consequence 



of Proposition |6.1.2| . □ 

Given a fibration vr: Z — > 5, it is natural to take the weighted tensor product with 
so as to get the family of weighted projective bundles associated to 

{Ob © C-^) © {C-^ © C-^) © {C-^^ © C-^^) © {C-^^ © C-^^) © C~^^ © C'^^, 

where the summands have weights 1,2,3,4,5,6 respectively. The unipotent group scheme 

then becomes the total space of the line bundle © = C~^. Except for the term 

in the above direct sum, we see the Casimir weights of Eg. We now give an explanation for 
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this, and will show that the action of the unipotent group scheme accounts for the extra 
term . 

For C cuspidal, let A^'' be the 10-dimensional affine space and let WP*^ be the 9- 
dimensional weighted projective space constructed above from H^(C] U'{rjQ)). As in Theo- 
rem [4.5.1 and the discussion following it, there is a C*-equivariant morphism from A^*^ to A^ 



and compatible actions on the universal -Eg-bundles H — > C x A^° and (i x Id)*S ^ C x A^, 
covering the product of this action with the A-action on C given in Definition [iT^ . The 
method of Proposition |4.3.4 constructs a Zariski open subset WPq isomorphic to A^, con- 



sisting of bundles whose pullbacks to the normalization C are trivial. Let us denote the one- 
dimensional unipotent group scheme by Ga- The map from H^{C; U'{rjQ)) to H^{C; U{rjQ)) 
is constant on Ga-orbits. Hence, given x G WP^, if is the associated G-bundle, then the 
action ofG^ does not change the isomorphism class of ^x- Thus Gq acts on WPq, and the 
induced morphism from WPg to \)/W is Ga-invariant. To obtain the parabolic construction 
of an analogue of the Kostant section for G of type £^8; we use the following: 

Theorem 6.3.2. Fix a basis eo,...,eQ of A^^ corresponding to the ordering of the line 
bundles above. Then the subset § of A^^ where the coefficient of cq is 1 and the coefficient 
of e2 is is a slice for the action of Ga on WPq. 



Proof. The proof is for the most part a very involved calculation, and we shall just 
sketch the general outlines. Note that G^ = H^{C; {U/U'){rjQ)) and the natural morphism 
H^{C; U'{r]Q)) — > H^{C; {U' /Uk){r]Q)) is equivariant with respect to the actions of G^ and 
both actions of C*. The action of Ga on {C; {U' /U2){r]Q)) is given by the cobound- 
ary and is trivial, by Lemma [4.2.5| . The fibers of the morphism H^{C; [U' /U^){riQ)) 
H^{C; {W /U2){r]Q)) are principal homogeneous spaces over H^{C;{U2/U^){riQ)), which 
is a vector space. Given Q G H^{C; {U' /U2){r]Q)) and a lift of ( to an element C ^ 
H^{C; {U' /Us){r]Q)), and given 7 G Ga, 7 • C lies in the same fiber as (. Thus the difference 
7 ■ C - C defines an element p{-f,C) G H^{C; {U2/U^){r,Q)). Now Ga ^ {U/U'){r,Q)) 
and the homomorphism H^{C; {U/U2){riQ)) H^{C; {U/U'){r]Q)) is an isomorphism. Fur- 
thermore, {U/U2){vq)) = H^{C; W2 O (g> W^). Thus we can identify 7 with an 
element of H^{C;W2 <8> W^), which we shall continue to denote by 7. Moreover, 
C G H^{C; {U'/U2){r]Q)) ^ H^{C;W2 O W^). Of course, there is the surjection 
j : H^{C; W2 O W/) ^ H^{C; W2 O W^). Finally, 

222 
H\C; {U2/Us){71q)) ^ H\C; l\W2® l\W^ ® l\ W^). 

With this said, a cocycle computation gives the following: 
Lemma 6.3.3. Under the above identifications, ^(7, C) = 7 j(C); where the cup product 

222 

H^{C] W2 ® ® W^) ® H\C; W2 W^) H\C; /\W2 /\W^ /\ W^) 
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is the product corresponding to the homomorphism 

2 2 2 

(W2 ® (g) W^) ® {W2 W^) ^ /\W2 (S) /\W^ /\w. 



which is induced from the natural homomorphisms Wi (8) Wi /\^ Wi. In particular, p{'y, (") 
only depends on the image C, of C, in H^{C; {U' /U2){i]q)) and it is linear in 7. □ 



Next, detailed computations as in the proof of Lemma |4.1.3 , using the description of 



Wn given in Lemma 2.1.5, the recipe for computing H^{C; V) given in Corollary |2.1.3| and 



an analogous formula for H^{C\ V), where V is a vector bundle on C described by a bundle 
on C together with an endomorphism of the fiber over 0, give: 

Lemma 6.3.4. Suppose that r G H^{C\W2 ® W^) maps to a nonzero element 
of H\C;l*{W2 W^)) and that 7 G H^(C;W2 ® ® W^) is not zero. Then 
7 r / 0. □ 

To complete the proof of Theorem |6.3.2| , choose a linearization 
HHC; {U'/U){vq)) = £[] e Co' © ^0' © ^o'- 

(Here, the actual weights are not important.) The above lemmas imply that the Ga-action 
is of the form 

7 • {xq, Xi,X2,Xs) = {xo,Xi, X2 + 02X07, 2:3 + C3X17) 

for some constants 02,03 such that C2 / 0. Fixing xq = 1, then, the subset where X2 = 
gives a slice to the Ga-action, as required. □ 



Let S be the 8-dimensional affine slice of Theorem 3.3.2| . After taking a suitable weighted 



tensor product, there is a C*-action on S covering the C*-action on C. Since S C A^o, there 



is a universal ii^g-bundle over C x S which is trivial over C x §. By Theorem 3.1.5 , choosing 
a trivialization gives an induced morphism a: § — >■ g, where g is the Lie algebra of £"8. Let 
a: S — 5- i)/W be the induced morphism. 

Proposition 6.3.5. In the above notation, the image of a is contained ing^^^. The differ- 
ential of a is everywhere an isomorphism. Finally, a is C*-equivariant with respect to the 
action on S defined above and the inverse of the usual action on i}/W . 

Proof. Given x G S, let (^x,p be the corresponding P-bundle. First, we claim that 
H^{C;u{^x,p)) = 0. Indeed, there is an exact sequence 

^ (u2/U3)(?7q) ^ (u/U3)(Ca;,p) ^ (u/U2)(7?q) ^ 0, 

and a straightforward calculation shows the coboundary 

H^C; (u/u2)(r/Q)) ^ H\C; (u2/u3)(7?q)) 
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is given by taking cup product with the class of the image of x in H^{C] (u/u2)(r/Q)). By 
Lemma |6. 3. 4 , the coboundary map is an isomorphism for x G §. Thus H^{C; {u/u3){(,x,p)) 



0, and it fohows easily that H^{C;u{S,x,p)) = 0. Given this, the arguments of [0, 4.5.1 and 
4.5.2] imply that the homomorphism H^{C;u{^x,p)) H^{C; adG(Cx,p x pG)) is surjective. 
But as dimi?^(C; u(^a;,p)) = + dim//^(C; adcHx^p x pG)) > r, and the homomorphism 
is constant on the image of H^{C] ad^ rjo), it follows that dimH^{C; adG{S,x,p x p G)) = r. 
Hence S,x,p Xp G is regular, and the Kodaira-Spencer homomorphism defines an isomor- 
phism from the tangent space of S at x to H^{C; sdG{Cx,P XpG)). The rest of the argument 



is identical to the proof of Theorem 4.6.1. □ 



In particular, the C*-weights on S are given by the Casimir weights of Eg. Thus, given 
a fibration Z ^ B, when we write the 10-dimensional bundle of affine spaces as a direct 
sum of line bundles, normalized to begin with the factor Ob, the remaining line bundle 
summands are of the form C~'^\ where the di are the Casimir weights, together with C~^, 
where —6 is the suitably normalized weight of the unipotent group scheme, thought of as 
a line bundle over the moduli stack. 

Clearly, similar constructions with appropriate unipotent subgroups [/' C [/ can be 
made with groups other than Eg. For example, for £^61 if we again look at the weight one 
summand in u and use the quotient corresponding to the subbundle C W2 0W^ (S) 

, the result is a 10-dimensional affine space with the action of a 3-dimensional unipotent 
group. These actions seem closely connected to the equations defining the corresponding 
del Pezzo surfaces, and will be discussed in more detail in For example, in the case 
of Eg, the 9-dimensional weighted projective space seems very related to the equations of 
rational elliptic surfaces with a given fiber, and in the case of Eq, the affine space mentioned 
above seems connected with the space of cubic equations with a given hyperplane section. 



7 Unstable bundles and minuscule representations 

Throughout this section, we assume that C is a singular Weierstrass cubic and that l: C ^ 
C is the normalization. As we mentioned in the introduction, there is no general definition 
for semistability of a G-bundle over a singular curve. Of course, for any reasonable definition 
of semistability, it is natural to require that a G-bundle whose pullback to the normalization 
is semistable should itself be semistable. But the set of all such bundles will never give a 
compact moduli space. For S'L„, we can define semistable vector bundles by the usual 
slope definition applied to torsion free subsheaves, and, in the case of a Weierstrass cubic, 
these will form a compact moduli space. On the other hand, tensor operations, for example 
exterior powers, applied to semistable vector bundles do not always yield semistable vector 
bundles. In this section, we answer the following question: given a G-bundle ^ arising from 
the parabolic construction and an irreducible representation />: G — > GLn{C), when is the 
vector bundle ^ semistable? We may as well restrict attention to the divisor D, 
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defined in Corollary 4.3.6 , since for ^ corresponding to a point of WP(G) — D^o, the vector 



bundle ^ x^jC^ is semistable for every p. As we shall see, over Doc, the p for which ^ XqC^ 
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is semistable are in a very short hst of "small" representations of G. Even for such p, the 
question is rather delicate. 



7.1 A preliminary reduction 

For the definitions of minuscule and quasi-minuscule, we refer to [||. The following result 
shows that, if ^ is a G-bundle on C coming from the parabolic construction such that t*^ 
is not trivial, then for almost every irreducible representation p: G — > GL Ar(C), the vector 
bundle ^ xc is unstable. 

Lemma 7.1.1. Let p: G ^ GLn{C) he an irreducible representation of G with highest 
weight w . Let ^ he a G-bundle arising from the parabolic construction, and suppose that ^ 
corresponds to a point in the divisor Doo, ^-e. the pullhack i*^ is not the trivial G-bundle. 
Lf ^ Xg is a semistahle vector bundle, then, for all short coroots (3^ , w[l3^) < 1. In 
particular, w is a fundamental weight ws for some 5 E A, and the coefficient gs of 6'^ in 
the coroot dual to the highest root is one. Finally, ifws is minuscule, then gs = 1, and 
if G is simply laced and gs = 1, then conversely vjs is minuscule. 



Proof. It follows from Lemma 3.3.3 that, if ^ is a semistable vector bundle of degree zero 
on G and l*V = ® ■ C'pi(aj), then Oj < 1 for every i. 

By Corollary 4.3.3| and Lemma 4.3.1 , if l*^, is not the trivial G-bundle, then l*^ = 



i*r]Q xi G = 7_Ai(o)v Xh G, where Ai(a)^ = X^^g^ /^^ highest coroot such that the 

coefficient of in Ai(a)'^ is one. Hence, the pullback of ^ to G = contains 

as direct summands bundles of the form 0]f>i{ww{—Xi{a)'^)), for w E W. Thus, there are 
summands of the form Opi(n) for every integer n of the form vj{w^^{ — \i{a)'^). On the 
other hand, —\i{a)^ is a short coroot, and so its orbit under W is the set of all short 
coroots. Hence w{(3'^) < 1 for every short coroot In particular, zu{a^) < 1. 

Write zu = "-5^(5) where zus is the fundamental weight corresponding to 5. Then 

1 > ro(a^) = ^ nsgs. 

It follows that ns is nonzero for exactly one (5 E A, and for this 6 we have ns = gs = 1- The 
final statement is then clear. □ 



For example, in case G is of type Eg, C is nodal, and ^ is a G-bundle arising from the 
parabolic construction which does not pull back to the trivial bundle on G, then Xq 
is unstable for every irreducible representation p: G ^ GLn{C). In fact, using the results 
of Ramanathan (or directly) , the same is true for every G-bundle ^ which does not pull 
back to the trivial bundle on G. 

The representations satisfying the conclusions of Lemma [T.l.ll are easy to tabulate: 

Lemma 7.1.2. Suppose that G is not simply laced. Then the non-minuscule represen- 
tations with highest weight ws, S € A such that gs = I are as follows: they are either 
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the quasi- minuscule representations, in case G is of type Bn, F4, or G2, or any of the 
fundamental representations in case G is of type Gn- □ 

Note that, in every case but type Gn, the highest weight tz7 of a quasi- minuscule rep- 
resentation is the highest short root, and that w is the fundamental weight dual to a 
simple coroot corresponding to an endpoint of the Dynkin diagram. The same is true in 
the minuscule case if G is not of type An, or if G = SLn{C) and p is either the standard 
representation or its dual. Hence, if we are not in one of these exceptional cases and if 
G' C G is the simple subgroup corresponding to the root system defined by the kernel of 
Tug, or equivalently whose simple roots are A — {5}, then G' C G is one of the inclusions of 
groups arising via parabolic induction. Recall that, in this case, there is the hypersurface 
Dg' ^ WP(G) arising from parabolic induction. 



7.2 The minuscule case 

In this subsection, we assume that p is minuscule. Our goal is to show the following 
inductive result: 

Theorem 7.2.1. Suppose that G is not of type A. Let p: G ^ GL]\f(C) be a minuscule 
representation of G, with highest weight ws, and let G' C G be the simple subgroup whose 
simple roots are A — {6}. Suppose that x G WP(G) corresponds to the G -bundle where 
^ xc is unstable. Then x G Dq' is the image of x' G WP(G'). Moreover, if ^' is the 
G' -bundle corresponding to x' , then there exists an irreducible subrepresentation p' : G' ^ 
GL]\fi{C) of p\G' , necessarily minuscule as well, such that ^' xq/C'^ is unstable. Conversely, 
if ^ is obtained via parabolic induction from such a ^' , then C is unstable. 



Proof. If ^ Xg is unstable, then i?°(G; ^ x^ C^) / 0. The following result, which is 
of independent interest and also holds in case G is smooth, then tells us that x G Dq' : 

Theorem 7.2.2. Suppose that p: G ^ GLn(C) is a minuscule representation of G, with 
highest weight ws and let G' Q G be the simple subgroup whose simple roots are A — {5}. 
Then the divisor Dq' is exactly the set of x ^ WP(G) such that, if is the corresponding 
G-bundle, then H^{G;ix XgC^) / 0. 



rem 



Assuming Theorem |7.2.2 , let us finish the proof of the first two conclusions of Theo- 
.1. It suffices to show that, if ^ xq C'^ is unstable and if ^' is the corresponding 
G'-bundle, then there exists an irreducible subrepresentation p' : G' ^ GL]\fi{C) of p\G' 
such that ^' Xq/ is unstable. Clearly, it suffices to prove that (i*^') x^ is unstable. 
By Lemma |6.2.8 , there is a family of G-bundles H ^ G x C such that, for t 7^ 0, St = ^, 
and such that Hq — i*^'. It follows that the vector bundle (i*^') x^ C'^ is the limit of the 
unstable bundles ^ x^ C^. Hence it is unstable. 



Finally, the last statement of Theorem 7.2.1 follows from the fact that, by Proposr 
tion |6.1.4 , there is a filtration of ^ x ^ whose associated graded is the bundle ^' Xqi C 



N 



Moreover, by Part (iii) of Proposition 5.1.4, the successive summands of the associated 
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graded are associated to representations of G' and thus have degree zero, since G' is simple. 
Since at least one summand in the associated graded is unstable and of degree zero, it 
follows that ^ Xfj is unstable. □ 



Proof of Theorem l7[2^. Let L'p be the set of 2; G WP(G) such that i7°(C; x^C^) ^ 0. 



'p 

The argument will be in the following steps: First we show that Dp is a hypersurface 
containing Dq' ■ Then we show that Dp is irreducible, by showing that Dp n (WP(G) — D^o ) 
is irreducible and that Dp does not contain the irreducible hypersurface D^o ■ It then follows 
that Dp is irreducible, and hence equal to Dqi. 

We first claim that Dp is a either a hypersurface, is all of WP(G), or is empty. It suffices 
to work in A''"'"^ with the corresponding C*-invariant subvariety. There is a universal bundle 
over C X A*"^^, and the inverse image of Dp is clearly the divisor associated to the canonical 
section of the inverse of the determinant line bundle of this family. Thus, either Dp is 
empty, is all of WP(G), or is a hypersurface. 

Next, we claim that, under the identification of WF(G) — D^ with (Creg ® K)/W, 
Dp n (WP(G) - Dao) is the image of Creg ® A', where A' is the coroot lattice of G' . In 
particular, this implies that Dp n (WP(G) — -Dqo) is irreducible. If t € Creg ® A is a lift 
of a point of (Creg ® h)/W corresponding to ^, the corresponding vector bundle ^ x^ 
is semistable, with support the divisor in Creg given by X^;^A(t), where the sum is over 
the weights of p. In particular, the origin po is in the support of ^ x^ if and only if 
H^{C;^ XqC^) 7^ if and only if X{t) = for some weight A of p. Since p is minuscule, all 
weights are conjugate under W, so the hypersurface Dp n (WP(C) — D^o) is is the image 
in (Creg ® A)/W of the kernel of A: Creg (8) A — >■ Creg, where A is any fixed weight of p, for 
example X = ws- So it suffices to show that the kernel of ws : Creg (8) A ^ Creg is Creg ® A'. 
But ws is a fundamental weight and hence primitive, and its kernel is A', the coroot lattice 
of C. Moreover the sequence 

O^A'^A--^Z^O 

is exact. Hence the kernel of tus : Creg i^) A — > Creg is Creg (8 A', and so Dp n (WP(G) — -Dqo) 
is irreducible. It also follows that Dp n (WP(C) - D^) = D^ n (WP(C) -D^c). Since D^ 
is irreducible, Dc C Dp. 

Finally, we claim that Dp is itself irreducible and hence is equal to Dq'. It suffices to 
show that Dp does not contain the irreducible hypersurface D^o- The proof is by induction 
on the rank of G. In order to carry out the induction, we shall have to consider groups of 
type A, since it is possible that the group C in the above notation is of type A. If the rank 
of C is one, then C = SL2{C), there is a unique minuscule representation, the standard one, 
Doo is a point, and the corresponding vector bundle, which is Vi^i if C is nodal and V2 if C 
is cuspidal, is semistable and supported at the singular point of C. Hence H^{C\ V) = 0. 
Now suppose that the rank of G is at least 2. If C is of type An-i, then it is easy to see 
that there are vector bundles of the form 

n-2 



y = (Fo A) e \i 



i=l 
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where Vq is either Vi^i or V2 and A and Aj are general Une bundles of degree zero such that 
A^(g)Ai(g)- • •(8)A„_2 is trivial, satisfying: /i°(C; /\'' V) = for ah k such that l<A;<n-l. In 
particular, such bundles define points in Doo — Dp for every representation p corresponding 
to a minuscule (i.e. fundamental) weight of 5'L„(C). 

Thus we can apply the inductive hypothesis to the simple subgroup G' of G defined 
by p. We view p as a representation of G' by restriction. For every G'-bundle the 
bundle ^' x qi is a direct sum of bundles of the form ^' x qi C^* associated to minuscule 
representations of G' and trivial factors, corresponding to weights of p which are trivial 
on the span of the simple coroots in G' . Choose a G'-bundle obtained by the parabolic 
construction for G' , such that l*^' is not the trivial bundle and such that, for every minuscule 
representation Pi'. G' ^ GLn,{C), H^{C;C' Xg' C^') = 0. Let ^ be the G-bundle obtained 
from ^' by parabolic induction. We first claim that l*^ is not trivial, so that ^ corresponds 
to a point of D^o- 

Lemma 7.2.3. Let ^' be a G'-bundle, obtained by the parabolic construction for G' , such 
that i*^' is not the trivial G'-bundle, and let ^ be the G-bundle obtained from ^' by parabolic 
induction. Then i*^ is not the trivial G-bundle. 



Proof. The hypothesis that t*^' is not trivial easily implies that, for every nontrivial finite- 
dimensional representation of G' on a vector space V , l*^' Xq' V is an unstable bundle of 
degree zero over P^. Suppose that l*^ is trivial. In particular, if we choose some nontrivial 
finite-dimensional representation t: G ^ GL{V), then t*^ x^j V is the trivial bundle. By 



Proposition 6.1.4, there is a filtration of t*^ x^j 1/ whose associated graded is the bundle 



L*£,' Xg'V. Moreover, by (iii) of Proposition |6.1.4 the successive summands of the associated 



graded are associated to representations of G' and thus have degree zero, since G' is simple. 
Since V is nontrivial as a representation of G' , at least one summand in the associated 
graded is unstable and of degree zero, which is impossible. Hence t*^ is nontrivial. □ 

Because of the trivial factors in the representation p\G' , it is always the case that 
H^{G]^' xqi C^) 7^ 0. However, we can modify the construction as follows. Let A be a line 
bundle of degree zero on C, which we identify with a holomorphic principal C*-bundle, and 
denote by ^'O A the {G' Xi7'C*)-bundle induced by the pair (^', A). Clearly, A) ^ 

so that (8) A) is not the trivial (G' x p C*)-bundle. Note that ^' <8> A has a holomorphic 
reduction of structure to QU', covering the bundle t/q (g) A. 

Since C* is in the center of G' Xp G, it acts on each irreducible summand C^' of via 
a character Xi- Moreover, if C^' is a trivial representation of G', then Xi is not the trivial 
character of C*, because no nonzero element of is fixed by H. Thus, 

(e'®A)x(G,x,c.)C^ = 0(^^®A"O, 

i 

where the Vi are vector bundles over G such that either H^{C;Vi) = or Vi = Oc and 
Ui / 0. It follows that, for generic A, i?°(G; (g) A) X(g"xj.c*) C^) = 0- 
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Now let us show that we can carry out a modified version of parabohc induction for 
^' A. First note that ^' (g) A is a lift to the parabohc subgroup P' Xp C* of G' xp C* of 
the bundle t/q (g) A. Let be a QU'-hundle lifting (g) A. The argument of Lemma 7.2.3 
shows that l*6.x is not the trivial G-bundle for any such lift ^a- It now suffices to prove 
that there is a lift given by the parabolic construction for G, at least for A close to 
the trivial bundle, for then satisfies: £ D^o — Dp, as desired. By Corollary 4.1.5 , it 



is enough to show that, at least for A close to the trivial bundle, there is a lift ^a which 
is a small deformation of ^. First, it is easy to check directly or via deformation theory 
that there is a family r]x of (5?7'-bundles, such that tjq agrees with the usual definition of 
rjo, and such that rjx/N = r/Q g) A. Since {C ; u{rio)) = 0, H^{C;u{r]x)) = for generic 
values of A. Hence, for such A, there is a bundle of affine spaces parametrized by A which 
restricts for each A to give the affine space representing H^{C; U'{rjx))- On the other hand, 
H^{C; U'irix)) = H^{C; [/'(r?^ A)). The map A ^ ® A defines a section of the affine 
space bundle corresponding to H^{C; U'{riQ (g A)). Let ^a be the corresponding section of 
the affine bundle corresponding to H^{C; U'{r]x))- For A close to the trivial line bundle, the 
bundle ^a is a small deformation of The arguments of (ii) of Theorem 6.1.1 show that 
^x/N ^ ^' (g A, and so ,^a is the desired lift. □ 



7.3 The quasiminuscule case 

In this subsection, in case G is of type Eq, we assume that C is not cuspidal, and shall let 
p: G ^ GL]\f{C) be a quasiminuscule, non-minuscule representation. Thus p is the adjoint 
representation if G is simply laced, and in general the highest weight of p is the highest 
short root. Let s be the multiplicity of the trivial weight in p, so that s = r if G is simply 
laced, and in general s is the number of short simple roots. 

The first lemma shows that, by contrast to the minuscule case, the ranks of the associ- 
ated vector bundles in the quasiminuscule case are constant: 

Lemma 7.3.1. For every G-bundle ^ coming from the parabolic construction, 

dimH^{C;C xqC^) = s. 



Proof. Li case p is the adjoint representation, this follows from Corollary 4.1.5| . Thus we 



may assume that G is not simply laced. On the open dense subset of WP(G) corresponding 
to regular semisimple elements of (Greg g* it is clear that dim {C ; ^ xq C^) = 

s. Thus by semicontinuity dim H^{C;£^ xq C^) > s for all ^ arising from the parabolic 
construction. On the other hand, viewing p as a representation of L by restriction, a 
case-by-case argument shows that hP{C\riQ xi C^) = s. Thus, for all ^ corresponding to 
points of the affine space H^{G\ U{rjQ)) close to the origin, hP{C; rjo x^ C^) < s. Using the 
C*-action, the same statement holds for all ^. Combining the two inequalities, we see that 
XlC^) = s for aU e □ 

For any vector bundle V, we have the natural map H^{C; V) g) Oc V and hence an 
induced map tf^v '■ H^{C;H^{C; V) (g Oc) — > H^{C; V). For example, if V is semistable and 
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of degree zero, then ipy is an isomorphism if and only if V has no summands of the form 
In for n > 1, where In is the unique indecomposable bundle which has a filtration whose 
associated graded is O^. 

In particular, there is a natural map ip^: H^{C; Oq) —>■ H^{C]^ Xq C^). 

Proposition 7.3.2. In the above notation, 

(i) Suppose that x{C\ V) = 0. Then Tpy is an isomorphism if and only ifV is isomorphic 
to ® V, where V is a vector bundle such that H^{C; V) = 0. 

(ii) Let V ^ C X T be a family of vector bundles of index zero over C , and suppose that 
h^{C; Vt) = s is independent oft G T. Then V = {t € T : tpVt *s n-ot an isomorphism} 
is either a divisor in T, is all of T , or is empty. 



Proof. Clearly, ii V = Oq © V' ^ where Ii^{C\V') = 0, then ipy is an isomorphism. 
Conversely, suppose that ipy is an isomorphism and define V by the exact sequence 

^ O'c ^0, 

where s = h^{C;V). Since by construction H^{C;0^) — > II^{C;V) is an isomorphism, we 
see that ipv is an isomorphism if and only if H^{C;V') = II^{C;V') = 0. In particular, 
by Serre duality Ex.t^{V',Oc) is dual to H^{C;V') and hence is zero. It follows that 
V = Oq V' , and in particular V' is locally free. This proves (i). 

To prove (ii), consider the parametrized analogue of the above exact sequence: 

By standard base change results, restricting to every fiber C x {t} gives the exact sequence 
— > — > Vj — > ^ 0. The proof of the first part shows that V'Vt fails to be an 
isomorphism if and only if h^(C;V/) 7^ 0. By the local criterion of fiatness, the map 
^CxT ^ "l^ is injective and V is flat over T. Since each Vf is of index zero, the set of t 
such that h^{C; V/) 7^ is then a divisor in T, is all of T, or is empty, as required. □ 



Definition 7.3.3. Let Vp C WF(G) correspond to the set of bundles ^ such that the 
corresponding homomorphism tp^ : H^{C; Oq) —^ II^{C\^ Xq C^) is not an isomorphism. 

A different characterization of Vp is as follows: 

Proposition 7.3.4. The bundled, corresponds to a point ofW¥{G) — T>p if and only if the 
vector bundle ^ Xq is isomorphic to V , where V is a vector bundle such that 
H^{C]V') = 0. In particular, if ^ Xq is unstable, then ^ corresponds to a point ofVp. 



Proof. The flrst statement follows from Proposition 7.3.2| . To see the second, if ^ ^ Pp, 
then C Xg = Oc V , where h^{C]V') = 0. In particular V is semistable. Thus 
i Xg is semistable as well. □ 
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With this said, there is the following analogue of Theorem 



7.2.2 



Theorem 7.3.5. Let p he a quasiminuscule representation of G, and let G' he the stabilizer 
of a nonzero weight of p. Then Dp is a hypersurface in WP(G). // in addition G is not 
simply laced or of type Cn, so that one can do parabolic induction from G' to G, then 
Dp = Dqi , and in particular it is irreducible. 

Proof. In this case, PpH (WP(G) — Dqo) is exactly the locus corresponding to the points in 
(Crog (8) A) /W where a weight (i.e. a short root) vanishes, and hence Dp n (WP(G) — -Doo) = 
Dg' n (WP(G) — Doo). Given this, minor modifications of the proof of Theorem [7.2.2| handle 
this case as well. □ 



Remark 7.3.6. In case G is of type Cn, it is easy to check that the divisor Dp is still 
irreducible. On the other hand, if G is simply laced, then Dp always contains D^o and 
is thus reducible, with two components, except for G = SL2{C) and C nodal, where it 
consists of three points, one of which has multiplicity two. 



Arguments as in the proof of Theorem |7.2.l| then show: 



Corollary 7.3.7. Suppose that G is not simply laced or of type Gn, and that p: G ^ 
GL]\f{C) is a quasiminuscule representation of G. Let G' be the corresponding subgroup of 
G. Let X € WP(G) he a point corresponding to the bundle ^, and suppose that C Xg C''^ 
is unstable. Then x S Dq' , i.e. ^ is obtained via parabolic induction from a G' -bundle 
^' . Moreover, there exists an irreducible subrepresentation p' : G' ^ GLn'{C), necessarily 
quasiminuscule, of p\G' such that the bundle ^' Xqi <C^ is unstable. Conversely, for every 
G' -bundle S,' , obtained via the parabolic construction for G' and with this property, if is 
the G-bundle obtained via parabolic induction from such a ^' , then ^ xq<C^ is unstable. □ 

7.4 Examples 

The case of SLn{C) 

In this case, for the standard representation, the set of vector bundles associated to 



the parabolic construction is exactly the set of regular semistable bundles |11, Theorem 
3.2]. In particular, every such vector bundle is semistable. For the standard inclusion 
of SLn-i{C) C SLn{C), the image of parabolic induction corresponds to the set of rank 
n regular semistable vector bundles V of degree zero such that h°{C;V) > 1. For such 
bundles V, there is a (two step) filtration on V, Oc C V , with associated graded Oc © 
where V' is the corresponding regular semistable vector bundle of rank n — 1. To deal with 
the remaining minuscule representations, we have the following, which is an immediate 



consequence of Corollary 2.3.4 and Corollary 2.4.6 



Proposition 7.4.1. Suppose that C is nodal. Let V be a regular semistable vector bundle 
on C with det V = Oc, and write V = Vab-x (B V , where A € C* and V has no support at 
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the singular point. If either a or h is \, then /\^ V is semistahle for all k. If a,b > 2, then 
/\^ V is unstable for all k, 2 < k < n — 2. Similarly, suppose that C is cuspidal and that 
V = Va-x(BV' , where A E C and V has no support at the singular point. If a < 3 then /\'^ V 
is semistahle for all k, and if a > 4, then /\'^ V is unstable for all k, 2 < k < n — 2. □ 

The case of Sp{2n) 

The parabolic construction for S'p(2n)-bundles is a special subset of extensions given 
by the parabolic construction for 5'L2n(C)-bundles, coming from the inclusion 

H\C; Sym2 W^i) C h\C; ® W^i). 

In particular, every associated vector bundle in the standard representation is semistable, 
and parabolic induction from Sp{2n — 2) corresponds to the set of regular semistable sym- 
plectic bundles V of rank 2n such that H^{C;V) ^ 0. In this case, there is a self-dual 
complex 

such that Ker g/ Im / = V is a regular semistable symplectic bundle of rank 2n — 2. Finally, 
those bundles in Doo are necessarily of the form Va^a © V, where V is a regular semistable 
symplectic bundle of rank 2n — 2a with no support at the singular point, if C is nodal, 
or V2a © V , where V is a regular semistable symplectic bundle of rank 2n — 2a with no 
support at the singular point, if C is cuspidal. 



Given a representation p satisfying the conditions of Lemma 7.1.1 and a 5p(2n)-bundle 
coming from the parabolic construction, we must decide when the associated vector 
bundle is unstable. The representations p in question are exactly those whose highest 
weight is a fundamental weight. Thus, they are given as follows: Let a; G A C^*^ be the 
symplectic form. Then, for all k with 1 < k < n, Sp{2n) acts on /\^C'^^, preserving the 
subspace uj A A C^", the quotient A C^"/^ A A C^" is an irreducible 5'p(2n)-module 
with highest weight a fundamental weight, and these are exactly a set of fundamental 
representations. 

Proposition 7.4.2. LetS^ be a principal Sp{2n) -bundle arising from the parabolic construc- 
tion such that the associated rank 2n-bundle V is of the form V^,a©^'; where V is a regular 
semistable symplectic bundle of rank 2n — 2a with no support at the singular point, if C is 
nodal, or V2a © V , where V' is a regular semistable symplectic bundle of rank 2n — 2a with 
no support at the singular point, if C is cuspidal. Let p be a fundamental representation of 
Sp{2n). Then the vector bundle associated to via p is semistable if a = 1, and is unstable 
if a > 1 and p is not the standard representation. 

Proof. The proof is clear if a = 1. To prove the result in case a > 1, it suffices to consider 
the nodal case, since semistability is an open condition in families of curves. Clearly, it is 
enough to show the following: for a > 1 and for all k with 2 < k < a, the quotient 
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is unstable. This can be proved using the methods of Lemma 2.4.3 and Proposition 2.4.5 . 
We shall omit the somewhat tedious details. □ 



The case of Spin(2n + 1) 

In this case, there is the spin representation, which is minuscule, and the standard {SO) 
representation, which is quasi- minuscule. We consider these separately. 

In the case of the spin representation p, the group G' which stabilizes a weight is the 
subgroup SLn{C). The restriction of p to 5L„(C) defines the representation /\*C"', the 
direct sum of the exterior powers of the standard representation of S'L„(C). Moreover, the 
restriction of the S'O-representation to G' is C" © (C")* C, the direct sum of the standard 
representation of SLn{C-), its dual, and a trivial summand. Thus we see: 

Proposition 7.4.3. Given x € WF{Spin{2n + 1)), let be the Spin{2n + l)-bundle cor- 
responding to X and let S be the vector bundle associated to ^ by the spin representation. 
Then x € Dsx,„{c) ^/ '^^'^ on^?/ if H^{G;S) ^ 0. In this case, the vector bundle associated 
to ^ via the SO -representation is semistable. Suppose that x E DsL„{c)! ^^"^ ^ ^he 
regular semistable vector bundle of rank n associated to any point ofWF{SLn{C)) mapping 
to X. Then S is unstable if and only if /\'^ V is unstable for some k with 2 < k < n — 2. □ 

Of course, the regular semistable vector bundles V such that /\^ V is unstable for some 



k have been classified in Proposition 7.4.1. Thus, for example, if n < 3 then every bundle 
5* associated to ^ from the spin representation is semistable. 

To describe Dsx,„{c) ^ W¥{Spin{2n + l)) in terms of the S'O-representation, recall that 
we have the C* commuting with S'L„(C), which then defines a filtration on any associated 
vector bundle. In this case, using the standard description of the roots of Spin{2n + 1) 
as cti = ei — 62, . . . = Cn-i — en,an = Cn, SO that the highest weight of the spin 
representation is ^ = Wa„, the Lie algebra of the C* in question is C-ro^^ = C-(^^ ej). 
Since the weights of the standard representation are ztcj and the trivial weight, we see 
that, if ^ is a Spin{2n + l)-bundle arising from parabolic induction from S'L„(C), then the 
associated orthogonal vector bundle V = ^ ^ Spin{2n+i) C^"^"^ has a filtration F_i C Fq C 
Fi = V, where = Fq, such that the successive quotients are V', Oc, {V')*, where V' 

is a regular semistable vector bundle of rank n and trivial determinant. Conversely, if V is 
an orthogonal bundle with such a filtration, then it is not difficult to show that there is a 
lifting of y to a Spin{2n + l)-bundle ^ (uniquely, in general), such that the associated spin 
bundle has a section. In particular, if ^ arises from the parabolic construction, then in fact 
it arises from parabolic induction from S'L„(C). 

We turn now to the quasi-minuscule representation of Spin{2n + 1), i.e. the standard 
representation. Arguments similar to those above show: 

Proposition 7.4.4. Suppose that n > 2. Given x £ WF{Spin{2n + 1)), let ^ be the 
Spin[2n + \)-bundle corresponding to x and let V be the vector bundle associated to ^ by 
the SO -representation. Then x G Dspin{2n-i) if o.nd only if there is a self-dual complex 

Oc ^ Oc 
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In this case, let V' be the orthogonal bundle of rank 2n — 1 associated to any point of 
W¥{Spin{2n — 1)) mapping to x under parabolic induction, so that V is the cohomology of 
the above complex. Then V is unstable if and only if V' is unstable. □ 



Corollary 7.4.5. For all n > 1, there is a unique point x £ W¥{Spin{2n + 1)) such that, 
if ^ is the corresponding Spin{2n + \)-bundle and V is the vector bundle of rank 2n + 1 
associated to ^ via the standard representation, then V is unstable. The point x comes via 
repeated parabolic induction from Spin{3) = SL2{C) and the bundle corresponding to Vi^i 
in case C is nodal or V2 in case C is cuspidal. Finally, the vector bundle S associated to ^ 
via the spin representation is semistable. 



Proof. By repeated applications of Proposition 7.4.4, x comes via iterated parabolic 
induction from Spin{3) = SL2{C). There is a unique point of WP(S'L2(C)) which lies in 
Doo, and the corresponding representation of (C) is the adjoint representation. Hence 
the associated rank 3 vector bundle is unstable. To see the last statement, note that it 



follows from Proposition |7.4.3| that, if S were unstable, then V would be semistable. Thus 
conversely if V is unstable then S is semistable. □ 



The case of Spin(2n) 

In this case, there are three minuscule representations: the two half-spin representations 
p± and the standard representation pQ. If n is odd, then p+ is the dual of p_, whereas if n 
is even then and p_ are both isomorphic to their own duals. We shall consider first the 
half-spin representations and then the standard (SO) representation. Note that there is 
always an outer automorphism of Spin{2n) which exchanges /)+ and /?_, so that it suffices 
to study one of them. However, if n is odd, ^ is a 5'pm(2n)-bundle, and and S~ are the 
two vector bundles associated to by /)+ and p- respectively, then has a section if and 
only if S~ has a section, whereas if n is even this is no longer necessarily the case. 

Consider then /?_|_. The stabilizer of its highest weight is isomorphic to SLn{C), and 
P-^-\SLn{C) is the representation /\^* C", where C" is the standard representation. Likewise, 
^-[^^^(C) is the representation /\^*^^ C". Finally the restriction of the SO-representation 
to G' is C" e (C")*. Thus: 

Proposition 7.4.6. Given x G W¥{Spin{2n)) , let be the Spin{2n) -bundle corresponding 
to ^ and let S'^ be the vector bundle associated to by p^. Then x € Dsl„{C) ^''^d 
only if H^{C; S'^) 7^ 0. In this case, the vector bundle associated to ^ via the standard 
representation is semistable. Suppose that x E DsL„{C)7 ^ the regular semistable 

vector bundle of rank n associated to any point o/WP(5L„(C)) mapping to x. Then is 
unstable if and only if f\^^ V is unstable for some k. □ 

Note that, in the above notation, if is unstable, then so is S~ , except in the case 
where n = 4 and V is of the form V2,2 or V4. In this case, S~ is semistable. Of course, the 
analogous construction for p_ yields a 5pin(8)-bundle for which S~ is unstable and is 
semistable. 
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As in the case of Spin{2n + 1), if ^ is an orthogonal bundle of rank 2n arising from 
a S pin {2n)-hundle which is in the image of W¥{SLn{C)), then there is a self-annihilating 
subspace V of V, where V' is a regular semistable vector bundle of rank n and trivial 
determinant. Thus there is an exact sequence 

o^v' ^ {Vy 0, 

with (V)^ = v. Conversely, if V is an orthogonal bundle with such a filtration, the 
subspace V' determines exactly one of the maximal parabolic subgroups corresponding to 
the highest weights of p+ and />_ . If say it determines p+ , then there is a lifting of y to a 
/S'pin(2n)-bundle ^ (uniquely, in general) for which has a section, and if in addition 
arises from the parabolic construction then it arises via parabolic induction from SLn{C). 

Turning now to the case of the standard representation, the image of parabolic induction 
from Spin{2n — 2) corresponds to those ^ such that, if V is the vector bundle associated to 
the standard representation, then there is a self-dual complex 

and the corresponding SO{2n — 2)-bundle is (Oc)^ /Oc- In this case, we can use repeated 
parabolic induction to reduce to the case of SL4{C), where there is a unique unstable bundle 
of the form /\^ V, for V rank 4, regular semistable and with trivial determinant. Thus: 

Proposition 7.4.7. For n > 3, there is a unique point x E W¥{Spin{2n)) such that, if ^ 
is the corresponding Spin(2n) -bundle and V is the vector bundle of rank 2n associated to 
^ via the SO -representation, then V is unstable. The point x comes via repeated parabolic 
induction from Spin{6) = SL4^{C) and the bundle described above. Finally, the vector 
bundle S associated to via the spin representation is semistable. □ 



In fact. Proposition [7.4.7 continues to hold for the group Spin{i) = SL2{C) x SL2{C), 



where WP(S'pm(4)) = x P-*^ and the unique unstable bundle in the S'O-representation is 
^1,1 ® Vi^i if C is nodal and V2 V2 if C is cuspidal. 

In particular, for Spin{8), triality exchanges the three representations p+,p-,po, and, 
for each of the three representations, there is a unique point in W¥{Spin{8)) for which 
the vector bundle associated to the given representation is unstable and the remaining two 
vector bundles are semistable. 

The case where G is of type Eq 

There are two minuscule representations of G, each of dimension 27. Since they are 
exchanged under duality, it suffices to consider just one of them, say p. The stabilizer of 
a weight of p is Spin{W). Moreover, p\Spin{W) decomposes into one trivial summand, 
one copy of the standard 10-dimensional representation of Spin{10), and one of the spin 
representations, of dimension 16. If x G WP(G) corresponds to the bundle ^, and V is the 
associated 27-dimensional vector bundle, then x € i^5pm{io) if only if h^(C;V) 7^ 0. 
If V is unstable, then x S -D5pj„(io), and, if ^' is the corresponding S'pm(10)-bundle, then 
xg C^'^ = Oc ®V' ® S, where V is the rank 10 vector bundle associated to ^' via the 
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standard representation of Spin{W), and S is the rank 16- vector bundle associated to ^' via 
the appropriate spin representation. Hence V is unstable if and only if either S is unstable 
or V' is unstable. Thus the locus of points where V is unstable is the image of a rational 
curve r in WF{Spin{10)), corresponding to the set of regular 5-L5(C)-bundles of the form 
^,2; A ffi A', plus at most one more point x, the image under iterated parabolic induction 
from the point of WP(S'-L4(C)) corresponding either to V2^2 in the nodal case or V4 in the 
cuspidal case. However, one can check that the morphism from W¥{Spin{W)) to WP(G) 
identifies the point x with a point on T. The point x comes from parabolic induction from 
A3 to D4 and thence to D5. But we can also do parabolic induction from A3 to A4 to -D5. 
The two embeddings of A3 in are not conjugate, but one can check that they become 
conjugate in Eq. Hence there is an irreducible rational curve in WP(G) corresponding to 
unstable bundles ^. The G-bundles ^ are unstable in both minuscule representations of G 
and hence in all nontrivial representations of G. 

The case where G is of type 

If p is the unique minuscule representation, then the stabilizer of a weight of p is a group 
Go of type Eq. The restriction p\Gq is a direct sum of the two minuscule representations 
of Go plus two copies of the trivial representation. Thus, the G-bundles ^ arising from the 
parabolic construction for which the corresponding vector bundle V of rank 56 is unstable 
are the image via parabolic induction of the corresponding locus for Go, and hence are the 
image of the rational curve T. (The morphism WP(Go) WP(G) is 2-1 and the curve 
r C WP(Go) is invariant under the associated involution.) The corresponding G-bundles 
are unstable in the minuscule representation of G and hence in all nontrivial representations 
of G. 

The case where G is of type F4 

As a S'pm(7)-module, the 26-dimensional quasi-minuscule representation p of G splits 
into three copies of the trivial representation, one copy of the standard 7-dimensional repre- 
sentation of Spin{7), and two copies of the 8-dimensional spin representation. Now suppose 
that ^ is a G-bundle, arising from the parabolic construction, such that the vector bundle 
V associated to ^ via p is unstable. Then ^ is obtained via parabolic induction from a 
S'pin (7)-bundle The vector bundle V associated to ^' via p then decomposes in the 



same way as p\Spin{7). By Proposition 7.4.3, the two 8-dimensional pieces are semistable. 
Thus, the bundle ^' Xspin{7) C'' obtained from the standard representation of Spin{l) is 



unstable. It follows from Corollary 7.4.5| that there is a unique such S'pm(7)-bundle. Hence 



there is a unique G-bundle up to isomorphism arising from the parabolic construction such 
that the associated 26-dimensional vector bundle is unstable. Thus it is unstable in all 
nontrivial representations of G. 

The case where G is of type G2 

If ^ is a G2-bundle arising from the parabolic construction, for which the associated 
7-dimensional vector bundle V is unstable, then ^ comes via parabolic induction from 
an 5L2(C)-bundle. The quasi-minuscule representation of G2 decomposes as an 5L2(C)- 
module into three trivial summands and two copies of the standard representation. It 
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follows that, for every G2-bundle ^ arising from the parabolic construction, the vector 
bundle associated to ^ via the 7-dimensional irreducible representation is semistable. 
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